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Abstract. Let / : (C'^,0) (C, 0) be an analytic germ whose zero set has 
1-dimensional singular locus. We develop an explicit procedure and algorithm 
that describes the boundary dF of the Milnor fibre of / as an oriented plumbed 
3-manifold. The method provides the characteristic polynomial of the alge- 
braic monodromy acting on H\{dF) as well. Moreover, for any analytic germ 
g : (C^ , 0) — > (C, 0) such that the pair (/, g) is an isolated complete intersection 
singularity, the (multiplicity system of the) open book decomposition of dF 
with binding dFPi {g = 0} and pages determined by the argument of g is also 
computed. In order to do this, we have to establish crucial results regarding 
the horizontal and vertical monodromies of the transversal type singularities 
associated with the singular locus of / and of the ICIS (/,£/). 

The theory is supported by many examples. E.g. the case of homogeneous 
singularities (including the case of arrangements) is detailed completely. A list 
of especially peculiar examples, and also a list of related open problems is 
given. 

The key starting point is the 'localization' of dF as the link of a real 
singular germ. Indeed, if (/, g) is an ICIS, k an even large integer, then dF 
coincides with the local link of the real analytic germ {/ = Isl*^} C (C'^jO). 
Resolving this real singularity, the tubular neighbourhood of the exceptional 
set provides a plumbing representation. 

In the case of 'composed singularities', the general method is compared 
and complemented by other geometric constructions as well. 
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CHAPTER I 



Introduction 

§ 1. Motivations, goals and results 

1.1. The origins of tiie present work go back to some milestones marking the 
birth of singularity theory (of complex dimension > 2). They include the Thesis 
of Hirzebruch (1950) containing (among others) the (modern) theory of cyclic quo- 
tient singularities; the construction of Milnor in 1956 of the exotic 7-spheres (as 
plumbed manifolds associated with 'plumbing graphs'); Mumford's article about 
normal surface singularities |39) stressing for the first time the close relationship of 
the topology with the algebra; the treatment and classification of links of singular- 
ities by Hirzebruch and his students in the 60's (especially Brieskorn and Janich, 
and later their students) based on famous results on classification of manifolds by 
Smale, Thom, Pontrjagin, Adams, Kervaire and Milnor, and the signature theorem 
of Hirzebruch. Since then, and since the appearance of the very influential book 
|38j of Milnor in 1968, the theory of normal surface singularities and isolated hy- 
persurface singularities produced an enormous amount of significant results. In all 
of them, the Hnk of an isolated singularity plays a central role. 

In the presence of a smoothing, such as in the case of hypersurfaces, the link 
appears also as the boundary of the smoothing, the Milnor fiber. This interplay 
has enormous consequences: first, the link of a singularity is the boundary of an 
arbitrary small neighbourhood of the singular point, hence one can localize the Hnk 
in any arbitrarily small representative. Hence, by resolving the singularity, the link 
appears as the boundary of a small tubular neighbourhood of the exceptional locus. 
In this way, e.g. for isolated surface singularities, one creates a bridge between the 
link and resolution: the resolution at topological level is codified in the resolution 
graph, which also serves as a plumbing graph for the link. 

On the other hand, the same manifold is the boundary of the Milnor fiber, 
that 'nearby fiber' whose degeneration and monodromy measures the complexity 
of the singularity. This interplay between the two holomorphic fillings of the link, 
the resolution and the Milnor fiber, produces (perhaps) the nicest index-theoretical 
relations of hypersurface singularity theory (relations of Durfee [21J and Laufer |29j 
vaHd for hypersurfaces, generalizations of Looijenga, Wahl |32L 173) . Seade |58) for 
more general smoothings, and culminating in deformation theory describing the 
miniversal deformation spaces in some cases). 

Recently, the links of normal surface singularities, as special oriented 3-manifolds 
represented by negative definite plumbing graphs, started to have a significant role 
in low-dimensional topology as well: they not only provide crucial testing mani- 
folds for the Seiberg-Witten, or Heegaard-Floer theory of 3-manifolds, and provide 
ground for surprising connections between these topological invariants and the al- 
gebraic/analytic invariants of the singularity germ (see e.g. |45j and |46) and the 
references therein) , but they appear also as the outputs of natural topological clas- 
sification results, as solutions of some universal topological properties — e.g. the 
rational singularities appear as L-spaces [46j, i.e. 3-manifolds with vanishing re- 
duced Heegaard-Floer homology. Similarly, the classification of symplectic fillings 



5 



6 



I. INTRODUCTION 



(or more particularly, the classification of rational ball fillings) of some 3-manifolds 
find their natural foreground in some singularity Hnks, see [47\ and ^68j (and ref- 
erences therein). 

1.2. Although the literature of isolated singularities is huge, surprisingly, the 
literature of non-isolated singularities, even the non-isolated hypersurface singular- 
ities, is rather restrictive. One of the main difficulties is generated by the fact that 
in this case the link is not smooth. On the other hand, the boundary of the Milnor 
fiber is smooth, but (till now) there was no construction which would guarantee 
that it also appears as the boundary (of any arbitrary small representative) of an 
isolated singular germ. Lacking such a result, it is hard to prove in a conceptual 
way that this manifold is a plumbed manifold, even in the case of surfaces. 

The present work aims to fill in this existing gap: we provide a general proce- 
dure that may be used to attack and treat non-isolated hypersurface singularities. 
Although the whole presentation is for surface singularities, some results can defi- 
nitely be extended to arbitrary dimensions too. 

More precisely, some of the conceptual results of the present work are the fol- 
lowing. Below / : (C'^,0) (C,0) is a hypersurface singularity with 1-dimensional 
singular locus S. Its zero set {/ = 0} is denoted by Vf, and its Milnor fiber by F. 
Its oriented boundary dF is a connected oriented 3-manifold. 

(1) The oriented 3-manifold has a plumbing representation. In fact, we not 
only prove this result, but we provide a concrete algorithm for the con- 
struction of the plumbing graph: given any germ /, anyone (with some 
experience in blowing ups, resolutions and involved equations) is able to 
determine the graph after some work. (For the algorithm, see |§ 12[ ) The 
output graphs, in general, are not irreducible, are not negative definite (see 
also some other pecuHarities below), hence in their discussion the usual 
calculus (blowing up and down (— l)-rational curves) is not enough. In 
our graph-manipulations we will use the calculus of oriented 3-manifolds 
as it is described in Neumann's foundational article |49j (in fact, we will 
restrict ourself to a 'reduced class of graph-operations'). (The correspond- 
ing background material and preliminary discussions are presented in |§ 5[ ) 

The fact that the boundary of the Milnor fiber is plumbed was an- 
nounced by F. Michel and A. Pichon in |33|, I34| . and examples were 
provided in |33|, I35j obtaining certain lens spaces and Seifert manifolds. 
The present work however uses a completely new different line of argu- 
ments to prove the existence of the plumbing representation. In addition, 
it is also completely new in the respect that we find the plumbing graph 
for arbitrary germs (even for which ad hoc methods are not available), 
and it points out for the first time in the literature that for these bound- 
ary manifolds one needs to use 'extended', general plumbing graphs — 
where the edges might have negative weights as well. Such graphs were 
not used in complex algebraic geometry before. The sign decorations of 
edges are irrelevant for trees, but are crucial in the presence of cycles in 
the plumbing graph, as it is shown in many examples in this work. 

(2) Recall that for any germ g : (C'^,0) (C, 0) such that the pair (/,<?) 
forms an ICIS (isolated complete intersection singularity), by a result of 
Caubel [lOj . g determines an open book decomposition on dF (similarly 
as the classical Milnor fibration is cut out by the argument of g). Our 
method, for any such g, codifies (the 'multiplicity system' of) this open 
book decomposition in the plumbing graph (for definitions, see (|5.1.3p ). 

(3) The boundary OF consists of two parts (a fact already proved by D. 
Siersma |61|, 160) and used by F. Michel, A. Pichon and C. Weber in 
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|33|, I34|, I35j too): the first, is the Hnk of the normahzation of Vf 

(having inside it the 1-dimensional Unk-components cut out by the strict 
transforms of S). The second one, d2F, can be recovered from the (em- 
bedded resolution graphs of the) transversal plane curve singularity types 
of E together with the corresponding horizontal/ vertical monodromy ac- 
tions of them. Already determining these two independent pieces can be 
a non-trivial task, but the identification of their gluing can be incompa- 
rably harder. The present work clarifies this gluing completely (in fact, 
resolves it so automatically, that if one does not look for the phenomenon 
deliberately, one will not even see it). 

We emphasize that both parts diF and can be represented by 
plumbing graphs with (only) positive edges, but their gluing, in general, 
can not. (In general, certain parts of the graph behave as 'usual graphs of 
complex algebraic geometry' but with opposite orientation. This fact is 
explained by the real analytic origin of the plumbing representation, see 
the next subsection (|1.3p .) 
(4) The monodromy action on OF, in general, is not trivial. In fact, its 
restriction to the piece diF is trivial, but on d2F can be rather involved. 
In order to understand d2F we need the vertical monodromies of the 
transversal singularity types, and, in fact, via the Wang exact sequence, 
we need their Jordan block structure corresponding to eigenvalue one; on 
the other hand, the monodromy action on d2F is induced by the horizontal 
monodromy of the transversal singularity types. In the body of the paper 
we determine these actions, and as a by-product, the homology of OF 
and the characteristic polynomial of the algebraic monodromy action on 
HiidF) too (under certain assumptions). 

1.3. The main algorithm is based on a special construction: we will take 
an arbitrary germ g : (C'^,0) (C,0) such that $ — {f,g) forms an ICIS. The 
topology of such a map is described in Looijenga's book |31j, and it will be used 
intensively. We recall the necessary material in |§ 4[ 

In general, <& provides a powerful tool to analyse the germ / or its g-polar 
properties. Usually, for an arbitrary germ / with 1-dimensional singular locus, one 
takes a plane curve singularity P : (C^,0) (C,0) and considers the composed 
function P o $, which can be thought of as an approximation of / by isolated 
singularities. E.g., if P(c,d) = c + , then P o $ = f + is one of the most 
studied test series, the lomdin series of / associated with g. 

If one wishes to understand the geometry of P o $, e.g, its Milnor fiber, then 
one needs to analyse all the intersections of {P = 5} with the discriminant A of 
<&, and one has to understand the whole monodromy representation of <& (over 
the complement of A) — a very difficult task, in general. On the other hand, if 
one wishes to determine some 'correction terms' 'only'(e.g. i[f) — i{f + g'^) for an 
invariant i), it is enough to study <& only above the neighbourhood of the link of 
the distinguished discriminant component Ai := ^(Vj). 

This fact has been exploited in many different levels, and for several invariants, 
see e.g. the articles of Le and Teissier initiating and developing the 'theory of 
discriminants' }36|, I37|, I71j : the article of Siersma [62] about the zeta function 
of the lomdin series, or its generaHzations by the first author, cf. }41] and the 
references therein. 

Using this principle, in [48] we determined the links of members of the lomdin 
series, i.e. the links of isolated singularities f + g^ (where A; ^ 0). In that work 
the key new ingredient was the construction of a special graph Tq , dual to a curve 
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configuration C in an embedded resolution of Vfg C C'^ localized above a 'wedge 
neighbourhood' of Ai (for the terminology and more comments see (|8.5p as well). 

The point is that the very same graph Tq not only contains all the information 
necessary to determine the links of the lomdin series (and the correction terms 
*(/) ~ *(/ + ff*^) for several invariants i), but it is the right object to determine dF 
as well. 

The bridge that connects dF with the previous discussion (about series and dis- 
criminant of the ICIS {f,g)) is realized by the following fact. Let A; be a sufficiently 
large even integer. Consider the local real analytic germ 

{/ = l.9lnc(c^o). 

Then its link (intersection with an arbitrary small sphere) is a smooth oriented 3- 
manifold, independent of the choice of k (for large k), which, most importantly, is 



diffeomorphic with dF (cf. |§ 13p . In particular, it means that OF can be 'locafized': 
it appears as the boundary of an arbitrary smafi neighbourhood of an analytic germ! 
But, in this (non-isolated) case, the corresponding space-germ is not complex, but 
real analytic. 

As a consequence, after resolving this real analytic singularity, the tubular 
neighbourhood of the exceptional set provides a plumbing representation G of dF. 
The point is that the graph Tc (introduced in |48) ) codifies all the necessary infor- 
mation to recover the topology of the resolution and of the plumbing: the plumbing 
graph G of OF appears as a 'graph covering' of Tc- The Main Algorithm (cf. |§ 12[ ) 
provides a pure combinatorial description of G derived from Tq. (The abstract 
theory of coverings of graphs, developed in [44] , is reviewed in |§ 6[ ) 

The method emphasizes the importance of real analytic germs, and their ne- 
cessity even in the study of complex geometry. 

In Chapters VII and VIII we determine several related homological invariants 
from Tc (characteristic polynomials of horizontal/ vertical monodromies, Jordan 
block structure, cf. below). In fact, we believe that Tc contains even more infor- 
mation than what was exploited in [48] or here, which can be the subject of future 
research. On the other hand, finding the graphs Tc can sometimes be a serious job. 
Therefore, we decided to provide examples for Tc in abundance in order to help 
the reader to understand the present work, and support possible future research as 
well. 

Different embedded resolutions might produce different graphs Tc , hence read- 
ers with more experience in resolutions might find even simpler graphs in some 
cases. Each Tc can equally be used for the theory worked out. 

1.4. The above presentation already suggests that the geometry of $ near 
Ai is reflected in the topology of OF as well. Technically, this is described in 
the commuting actions of the horizontal and vertical monodromies on the flber of 
<i>. Similarly, one can consider the horizontal/ vertical monodromies of the local 
transversal types of S. The determination of these two pairs of representations is 
an important task (independently of the identification of dF) , and it is crucial in 
many constructions about non-isolated singularities. We wish to stress that our 
method provides (besides the result regarding dF) a uniform discussion of these 
monodromy representations, provides a clear procedure how one can determine 
them (with precise closed formulas for the corresponding characters or characteristic 
polynomials). Moreover, we determine even the Jordan block structures in those 
cases which are needed for the homology of dF and its algebraic monodromy. 

1.5. The material of the present work can be grouped into three parts. The 
first part (Chapters II, III, IV) contains results regarding the ICIS $ and the graph 
Tc read from a resolution. The second one (Chapters VI, VII, VIII) contains the 
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description of 9F, its invariants, and establishes the main connections with other 
geometrical objects. 

Finally, scattered throughout the text, there are many examples. 

Any example is given in two steps: one has to first determine the graph Tq, 
a more or less independent task. (This can be done in many different ways using 
one's preferred resolution tricks. Nevertheless, in most of the cases, it is not a trivial 
procedure, except special cases such as cylinders of composed germs.) Then, in the 
second step, we run the Main Algorithm to get the plumbing graph of dF or its 
monodromy (or the open book decomposition of g living on dF). 

Our examples test and illustrate the theory, emphasizing the new aspects: the 
obtained graphs are not the usual negative definite graphs provided by resolutions 
of normal surface singularities, not even the dual graphs of complex curve configu- 
rations of a complex surface (where the intersections of curves are always positive) . 
They contain pieces with 'opposite' orientation, so vertices can be connected by 
negative-edges (representing intersection of curves intersecting negatively) . (They 
appear as follows: in the resolution of the real singularity {/ = Igl'^}, some sin- 
gularities are orientation reversing equivalent with complex Hirzebruch-Jung sin- 
gularities; hence the corresponding Hirzebruch strings should be sewed in the final 
graph with opposite orientation.) 

In Chapter X, for certain families (basically, for 'composed singularities') we 
also provide alternative, topological constructions of dF. 

1.6. The titles of the chapters and sections already listed in the Contents 
(preceding this Introduction) were chosen so as that they would guide the reader 
easily through the sections. 

1.7. Most of the theoretical results of the present work were obtained in 2004- 
2005; the Main Algorithm was presented at the Singularity Conference at Leuven, 
2005. Since that time we added several examples and completed the theoretical 
part. 

The authors are grateful to A. Parusinski for his advices regarding |§ 13[ 

§ 2. List of examples with special properties 

In order to arouse the curiosity of the reader, and to exemplify the variety of 
3-manifolds obtained as dF, we list some peculiar examples. (They are extracted 
from the body of the work where a lot more examples are found.) 

In the sequel « means orientation preserving diffeomorphism. —dF is dF with 
opposite orientation. 

2.1. For certain choices of /, the boundary dF might have one of the following 
peculiar properties: 

2.1.1. dF cannot be represented by a negative definite plumbing, but —dF 
admits such a representation (see e.g. example l|12.5.12p ). 

2.1.2. Neither dF, nor —dF can be represented by a negative definite plumbing 
(see e.g. (l22J])(4a)). 

2.1.3. Although dF can be represented by a negative definite graph, it is not 
diffeomorphic with the link of the normalization of Vf. (Such examples can be 
realized even when dF is not a lens space, see e.g. examples (|22.10p (e-f)). 

2.1.4. In all examples, dF is not orientation preserving diffeomorphic with the 
link of the normaHzation of Vf (evidently, provided that S ^ {0}); a fact already 
noticed in |33| . 
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2.1.5. There are examples when dF is orientation reversing difFeomorphic with 
the link of the normalization of Vf, see e.g. (|22.10p (d). 

2.1.6. There are examples when dF « —dF, even when dF is not a lens space, 

cf. m.i.m . 

2.1.7. It may happen that OF fibers over S^, (even with rank Hi (OF) large), 
cf. ((20|) . 

2.1.8. dF might be non-irreducible, cf. I|25.1.7p . 

2.1.9. Any S'^-bundles with non-negative Euler number over any oriented sur- 
face can be reaHzed as dF, cf. (|281|) and (|23.2.4p . 

2.1.10. The monodromy on dF, in general, is not trivial, the algebraic mon- 
odromy might even have Jordan blocks of size two, cf. (|25.2p . 

2.1.11. There exist pairs of singularity germs with diffeomorphic dF but dif- 
ferent characteristic polynomials, and/or different (mixed Hodge) weight filtrations 
on Hi{dF), and/or different multiplicites, cf. I|24.1.2p . 



CHAPTER II 



Invariants of hypersurface singularities 
(preliminaries) 

§ 3. The topology of a germ / 

3.1. The link and the Milnor fiber. Let / : (€^,0) (C, 0) be the germ 
of an analytic function and set (V/, 0) = (/~^(0), 0). Assume that its singular locus 
(5mg(V/),0) is 1-dimensional, denote it by (S, 0) and write S — Uj^j^Sj for its 
irreducible decomposition. Let K :— V/OS'^ be the link of (V/, 0) (with < e <C 1). 
Under the above assumption K is singular too: its singular part is L = U^Lj, where 

:= n Sj. 

Let a :— i?e n f'^{S) be the Milnor fiber of / in a small closed Milnor ball 
-Be (where < (5 <C e). Sometimes, when e and S are irrelevant, it will be simply 
denoted by F. 

The family {F^^^icg}ae[o,2TT] is a locally trivial fibration (the so-called Milnor 
fibration, see [38j), whose monodromy (well defined up to an isotopy) is called the 
Milnor geometric monodromy of F^^g- It induces a Milnor geometric monodromy 
action on the boundary dF^^s too (which is trivial if E = 0, otherwise might be 
not). 

For more details regarding this subsection, see |38j . 

3.2. Transversal type singularities. For any fixed j € {1, . . . , s}, let TEj 

be the transversal singularity type of S^; i.e. the equi-singularity type of the 
plane curve singularity f\s^ ■ {Sx,x) (C,0), where a; e \ {0}, and {Sx,x) 
is a transversal smooth 2-dimensional sHce-germ of at x. Its Milnor fiber 
(/lsx)^^('5) C Sx is independent of x and S (for S small), and it will be denoted by 
Fj. The monodromy diffeomorphism of Fj, induced by the family [0, 27r] 9 a 
if\s^)~^i^^^°'), is called the horizontal monodromy of Fp and is denoted by m'j f^^^. 
The diffeomorphism induced by the family s i— > {f\s^(,))^^{^), above an oriented 
simple loop s i-^ x{s) G Sj \ {0}, which generates 7ri(Sj \ {0}) = Z (and with S 
small and fixed), is called the vertical monodromy. It is denoted by m'^ yer- Both 
monodromies are well-defined up to isotopy, and they commute (up to an isotopy) . 

3.3. The boundary of the Milnor fiber. Let dF denote the boundary 
of the Milnor fiber F of /, i.e. dF = dF^^s = n f~^{5). It is a connected 
and oriented 3-manifold, cf. |38j . By |61j. it has a natural decomposition dF = 
diFUd2F. Indeed, let T{Lj) be a small closed tubular neighbourhood of Lj in S^, 
and denote by T°(ij) its interior. Then = Ujd2,jF with SsjF = dFr\T{Lj), 
and diF — dF\UjT°{Lj). diF and d2F are glued together along their boundaries, 
which is a union of tori. (For more details, see ^61j.) 

Proposition 3.3.1. |6l] 

(1) For each j, the natural projection T{Lj) Lj induces a locally trivial 
fibration of 82 jF over Lj with fiber Fj (the Milnor fiber of T'Ej) and 
monodromy rn'^ ^j- This induces a fibration of 8(82 jF) over Lj 

with fiber dFj. 
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(2) The Milnor monodromy of OF can he chosen in such a way that it pre- 
serves both diF and d2F. Moreover, its restriction on diF is trivial, and 
also on the gluing tori d{diF) ~ — Uj d{d2jF). 

(3) The Milnor monodromy on d2F might be nontrivial. This monodromy 
action on each d2,jF is induced by the horizontal monodromy m'^ acting 
on Fj. (Since it commutes with m'^^^^, it induces an action on the total 
space d2jF of the bundle.) 

Notice that by l|3.3.ip (fT|). since Fj is connected, 82 jF is connected too. 

Remark 3.3.2. One has the following relationship connecting the boundary 
OF and the link K. Definitely, K has a similar decomposition K = Ki UK2, where 
K2 = UjK2j, K2,j := T{Lj)nK, and Ki := K\UjT°{Lj). Then Ki = diF, hence 
dKi = d{diF) as well. On the other hand, each K2J has the homotopy type of Lj. 

§ 4. The topology of a pair (/, g) 

4.1. The ICIS— invariants. In many cases it is convenient to add to the 
germ / another one, say g, such that the pair (/,<?) forms an isolated complete 
intersection singularity (ICIS in short). Traditionally, one studies in this way the 
g— polar geometry of /, or computes by induction on the dimension certain invari- 
ants of /. g might also serve as an auxiliary object in order to determine abstract 
(7— independent invariants of /: in the present situation, we will describe OF with 
the help of {f,g). 

For simplicity, we denote the ICIS (/, 5) : (C^,0) (C^,0) by $, and we 
fix a good representative as in [3Tj . More precisely, we consider a closed ball 
with sufficiently small radius e around the origin of C'^, and we assume that $ : 
B^r\^~^{D^) is a locally trivial fibration with fiber F$ over the complement 

of the discriminant A$ of $ (defined in a sufficiently small closed disc around 
the origin), and $ induces on $~^(D^) a trivial fibration with fiber dF^ above 

We will denote the coordinates of (C^, 0) by (c, d), hence co $ = /. Obviously, 
<i> projects E onto {c — 0}, hence Ai :— {c = 0} is one of the components of A$. 
We define c?j as the degree of the (finite) map g|Ej : Sj — > Ai (1 < j < s). 

For any fixed cq, set D^^ := {c = cq} n D^. Then, if |co| <C r\, the circle dD,^^ 
is disjoint from A$. Consider the torus := UcqSDco) where the union is over Cq 
with |co| = (5. Hence, for (5 <C 77, the restriction of <& on <i>~^(T5) is a fiber bundle 
with fiber F$. 

The monodromy above a circle in T5, consisting of points with fixed ^-coordinates, 
is called the horizontal monodromy of <& near Ai, and is denoted by m^^hor- 
Similarly, the monodromy above a circle in Ts, consisting of points with fixed c- 
coordinates, (e.g., above dDs) is the vertical monodromy of $ near Ai, denoted by 

Remark 4.1.1. Set {Vg,0) := g~^(0) in {C^,0). Clearly, F,^s and ^-^{Ds) can 
be identified (after smoothing the boundary of the second one, which is a manifold 
with 'corners'). Under this identification, F^^sC^Vg corresponds to $~^((5, 0). Hence 
dF^^s and d^~^{Ds) can also be identified in such a way that dF^ sC^Vg corresponds 
to d^~^{d,0). Notice that d^~^{Ds) consists of two parts, one of them being 
^~^{dDg), the other is the complement of its interior, defined as 

d'<^>-\Ds) :=U(5,rf)ei3,a(<i>-i(<5,d)). 

By (local) triviality over Dg, d'^^^{Ds) is diffeomorphic to the product Dg x 
d<p-\6, 0). 
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4.2. The open book decomposition of dF^^g with binding Vg induced 

by g/\g\- Besides the geometry of the ICIS, the germ g also provides a different 
package of invariants via the generalized Milnor fibration induced by arg((7) — g/\g\ 
on dF. Indeed, with the above notations one has: 

Proposition 4.2.1. [lOj The argument of the restriction of g on dF^^s \ Vg 
defines an open book decomposition on dF^ s with binding Vg. The fibration g/\g\ : 
dF^^s\Vg — > is equivalent to the fibration $ : ^^^{dDs) dDs with monodromy 

Moreover, this structure is compatible with the action of the Milnor monodromy 
on dF^^s- Indeed, the restriction of the Milnor monodromy of dF^^s on a tubular 
neighbourhood of dF^^g H Vg is trivial, and its restriction on dF^ s \ Vg is equivalent 
with the horizontal monodromy of ^^^{dDs) over the oriented circle {\c\ = 6} 
(induced by the local trivial family {^^^{dDc)}\c\=s)- 

Proof. The first sentence is stated and proved in Proposition 3.4 of [lOj . 
Although the second sentence is not stated in [loc.cit.], it follows from the proof of 
Proposition 3.4. and by similar arguments as Theorem 5.11 of Milnor in ^38j . The 
last monodromy statement is proved in the same way. □ 

4.3. The decomposition of OF. Next, we present how one can recover the 
decomposition dF^^s = diF U d2F, cf. p.3p . from the structure of <i> via the 
identification of F^^^ with <^-^{Ds), cf. (|iTI1) . 

For any j G {l,...,s}, let TJ^ be a small closed tubular neighbourhood in 
of ^-^{dDo) n T.J. Then, for 6 sufficiently small, for any {6,d) £ dDs, the 

fiber ^~^{6,d) intersects transversally. In particular, ^^^{dDs) D Tj' and 

<t>-^{dDs) \ (iljTf ) are fiber bundles over dDs. 

Proposition 4.3.1. One has the following facts: 

(1) There is a (orientation preserving) homeomorphism from dF^ s to ^^^{dDs)U 
d'^^^ {Ds) which sends a tubular neighbourhood T (Vg) ofVg onto d'^^^{Ds) 
and dF^^s\T°{Vg) onto ^~^{dDs) (identifying even their fiber structures, 

cf. fi4.2.1\ l). Under this identification, T{Vg) C diF^^s, and the fibration 
g/\g\ : diF.^s \ T°{Vg) corresponds to $ : <^-\dDs) \ iUjT^'°) 

dDs, while g/\g\ : d2,jF^j ^ to <i> : ^^^dDs) n t/ dDs. 

The identifications are compatible with the action of the Milnor /horizontal 
monodromies (over the circle \c\ = 5). 

(2) For each ]£{!,..., s\, the fibration gl\g\ : d2,jF^ s can be identified 
with the pullback of the fibration d2,jF^ s Lj ( cf. f3.3.1\) ) under the map 
a,Tg{g\Lj) : Lj — > (which is a regular cyclic covering of of degree 
dj). Therefore, the fiber of g/\g\ : d2.jF^,s is a disjoint union of dj 
copies of Fj and the monodromy of this fibration is 

The action of the Milnor monodromy on d2jF^^s restricted to the fiber of 
g/\g\ is the 'diagonal' action: 

™|!/ior(^l' • ■ ■ ! ^dj) — ('Ttj ^ior(^l)' • • • ' ^jjiori^dj))- 

Proof. The first part follows by combining arguments of [38j and |10| again, 
as in the second part of l|4.2.ip . The point is that when we 'push out' ^~^{dDs) 
along the level sets of arg((7) into dF^^s, this can be done by a vector field which 
preserves a tubular neighbourhood of each Sj. The second part is standard, it 
refiects the fiber structure of $, see e.g. |41j or |62) . □ 
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Above, by (|4.2.ip and by the structure of open books, the fibrations dF^^s \ Vg 
and 9-Fe,5 \ T°{Vg) over (and induced by g/\g\) are equivalent. A similar fact is 
true for the fibrations diF^^s \ Vg and diFe^s\T°{Vg). 

4.4. Relation with the normalization. The space diF and fibration g/\g\ : 
diF^^s \ Vg ^ have another 'incarnation' as well. 

In order to see this, let n : {Vp°™ , (0)) (V/-,0) be the normalization of 
(V/, 0). Notice that each local irreducible component of (V/, 0) lifts to a connected 
component of the normalization, hence {Vp°^"^,n~^{0)) stands here for a multi- 
germ of normal surface singularities. Consider the lifting gon : {y™™ ^ n~^(0)) —> 
(C, 0) of g, which determines on the boundary of a small representative dVp°^"^ 
an open book decomposition with binding Vgon and Milnor fibration aTg{g o n) : 

Furthermore, let S'i(E) C V}""™ be the strict transform of (S,0) C {Vf,0). 
Then, in fact, 91//*°™ n Vgon H S't(S) = 0, and 

arg(5 o n) : (W/"™' \ Vgon,St{E)) 

is a locally trivial fibration of a pair of spaces. 

Proposition 4.4.1. LetTgi^Y.) be a small closed tubular neighbourhood of St{T,) 
in 91//^°™. Then the following facts fold: 

(a) diF sa ^^/'°'^™\2^5t(s)- In particular, the number of connected components 
of diF is the number of irreducible components of f . 

(b ) The fibrations of the pairs of spaces 

arg(g o n) : (9^/°™ \ {Vg^n U T°,^^^), dTsti^)) - 

and 

arg(5) : [diF.j \ Vg, d{diF,^s)) ^ 

are equivalent. 

Proof. The normalization map is an isomorphism above the regular part of 
Vf. □ 

The above facts show clearly that diF is guided by the (Hnk of the) normal- 
ization, while d2F by the local behaviour near S. 



CHAPTER III 



Plumbing graphs and their coverings 
(prehminaries) 

§ 5. Plumbing graphs and oriented plumbed 3 manifolds. 

5.1. Oriented plumbed manifolds. Our goal is to provide for any hyper- 
surface singularity / (with 1-dimensional S) a plumbing representations of the 
3-manifold dF , respectively of the 3-manifolds with boundary diF and (cf. 
[3JD. 

In fact, for any fixed g as in (|4.ip . we will also provide a plumbing represen- 
tation of the pair {dF, Vg) and (the multiphcity system of) the generahzed Milnor 
fibrations dF\Vg, diF \ Vg and d2F over induced by arg(g) (for definitions and 
details, see below). 

Regarding the definitions of plumbed 3-manifolds and plumbing calculus we 
follow W. Neumann's seminal article |49) (with small modifications, which will be 
clarified below). 

For any graph F, we denote the set of vertices by V(r) and the set of edges by 
Sir). If there is no danger of confusion, we denote them simply by V and £. 

In the case of plumbing graphs of closed 3-manifolds, any vertex has two decora- 
tions, one of them is the Euler obstruction, or 'Euler number' — this is an integer, 
while the second one is the 'genus' (written as [gv], and omitted if it is zero), this 
is a non-negative integer. On the other hand, the edges also have two possible 
decorations + or — . In most of the cases we omit the decoration +, nevertheless 
we prefer to emphasize the sign — with the symbol 0. 

Although, for plumbing representations of links of normal surface singularities 
we need only the sign +, and also the intersection form (associated with the graph) is 
always negative definite, in the present situation both restriction should be reheved. 
On the other hand, all our 3-manifolds are oriented, hence we restrict ourselves to 
'oriented plumbing graphs', cf. [49, (3.2) (i)]. 

Oriented plumbed 3-manifolds are constructed using a set of S'^-bundles {tt^ : 
By — » Sv}v, whose total space i?u has a fixed orientation. They are indexed by 
the set of vertices V of the plumbing graph, such that the base-space Sy of By is a 
closed (orientable) real surface of genus gy , and the Euler number of the bundle By 
is the Euler number decoration of the vertex v on the graph. Then one glues these 
bundles corresponding to the edges of F as follows. First, one chooses an orientation 
of Sy and of the fibers (compatible with the orientation of By). Then for each edge 
adjacent to v one fixes a point p S Sy, a trivialization DpX ^ ■K~^{Dp) above a 
small closed disc Dp 9 p, and one deletes its interior 13° x S"^. (Here is the unit 
circle with its natural orientation). Then, any edge {v, w) of F determines dDp x 
in By and dDq x 5*^ in Byj (both diffeomorphic to x S^), which are glued by 
an identification map where e = ± is the decoration of the edge (for more 

details, see |49) . page 303). 

In order to keep additional geometric information as well, e.g. information 
on links in the 3-manifold, or boundary components, we will in fact be working 
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with plumbing graphs that have extra decorations — as made precise in the next 
subsections. 

5.1.1. Oriented links in oriented closed plumbed 3 manifolds are repre- 
sented on the graph by arrowhead vertices (the other, 'usual' vertices will be called 
non-arrowheads). Arrowhead vertices have no 'Euler number' or 'genus' decora- 
tions. Each arrowhead is connected by an edge to some non-arrowhead vertex v, 
and this edge has a sign-decoration + or 0, similarly as any edge connecting two 
non-arrowhead vertices (whose significance was explained in the preceding subsec- 
tion). Any arrowhead supported by a non-arrowhead v codifies a generic S'^-fiber 
of By , while the sign-decoration of the supporting edge determines an orientation 
on it. The correspondence is realized as follows. For each non-arrowhead vertex v 
choose an orientation of Sy (and of the fibers) as in the previous subsection. This is 
used in the gluing of the bundles too, but it also identifies the orientation of Hnk- 
components: If an arrowhead is supported by a H — edge then the link components 
inherits the fiber-orientation, otherwise the orientation is reversed. Their union 
(over all arrowheads) of these oriented S'^-fibers constitute an oriented link K. 

(There is an exception to the above description when the graph consists of a 
double arrow. In this case the 3-manifold is S^, and the arrows represent two 
Hopf link-components. If the sign-decoration of the double-arrow is -|- then both 
Hoph link-components inherit the orientation of the oriented Hopf /S^-fibration, 
otherwise the orientation of one of them is reversed.) 

Usually we write A for the set of arrowheads, and W for the set of non- 
arrowheads, i.e. V = ^ U W. 

Plumbing graphs with arrowhead vertices, in general, might carry an extra set 
of decorations: each (arrowhead and non-arrowhead) vertex has an additional 'mul- 
tiplicity weight', denoted by {rriy). The typical example of a graph with arrowheads 
and multiplicity system is provided by an embedded resolution graph of an analytic 
function defined on a normal surface singularity, where the arrowheads correspond 
to the strict transforms of the zero set of the analytic function, the non-arrowheads 
to irreducible exceptional divisors, and the multiplicities are the vanishing orders of 
the pull-back of the function along the exceptional divisors and strict transforms. 

More generally, the set of multiplicities represent a relative 2-cycle in the cor- 
responding plumbed 4-manifold, which in the relative homology class represents 
zero. The oriented plumbed 4-manifold X = X{r) is constructed in a similar way 
as the plumbed 3-manifold M = M{T): one replaces the S'^-bundles with the cor- 
responding disc-bundles Vy and one glues them by a similar procedure. Then X 
is a 4-manifold with boundary such that dX = M. Each vertex v determines a 
2-cycle Cy in X: If v is an arrowhead then Cy is an oriented generic disc-fiber 
of Vy — hence it is a relative cycle. If w is a non-arrowhead vertex then Cy is 
the oriented 'core' (i.e. the zero section) oi Vy, — hence this is an absolute cycle. 
(Their simultaneous orientations can be arranged compatibly with the graph). 

A multiplicity system {my}y (we will deal with) always satisfies a set of com- 
patibility relations, which is equivalent to the fact that the class of C(m) := 
J2vev''^vCy in H2{X,dX,Z) is zero. This fact can be rewritten as follows. Let w 
be a fixed non-arrowhead vertex with Euler number 6^,. Let £u, be the set of all 
adjacent edges, excluding loops supported by w. For each e € Sy,, connecting w 
to the vertex ^(e) (where v{e) may be in arrowhead or not), let € {-|-, — } be its 
sign-decoration. Then: 

(5.1.2) eyjTny, + ^ eeTOw(e) = 0. 
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Indeed, this follows from the fact that H2{X,Z) is freely generated by the 
absolute classes of C^, {w S W), hence the intersection number {C{rn), C^) = for 
all non-arrowhead vertices w if and only if [C{rn)] = in H2{X, dX, Z). 

5.1.3. Multiplicity systems associated with an open book. Consider a 
pair (M, K) as in (|5.1.ip . The case of a fibred link K in the 3-manifold M has a 
special interest. In this case the pair (M, K) has a plumbed representation provided 
by a graph (decorated with Euler numbers and genera) and arrows (representing K) , 
and additionally p : M\K — > S"^ is a locally trivial fibration with a trivialization in a 
neighbourhood of K; in particular, p sends any oriented meridian of any (oriented) 
component of K to the positive generator of Hi{S^). In such a situation, we do 
the following construction. First, we fix the link-components (fibers), and then, for 
each non-arrowhead vertex w, let be an oriented generic S'^-fibre situated in 
B^, different from any fixed fiber corresponding to components of K. (Here we use 
that orientation of the S^-bundle which was used in the plumbing construction). 

Definition 5.1.4. Setm^ :— p^(^['y^]) £ Hi{S^,'L) = "L for any non-arrowhead 
vertex w, and define m„ = 1 for all arrowheads. This is the multiplicity system 
associated with the fibration p. 

The fact that this is indeed a multiplicity system can be seen as follows. Let 
F be the oriented fiber of p (in M, with dF = K). By a homotopy one can push 
F\K inside X (keeping K — dF fixed) , and its relative homology class can also 
be represented by the relative cycle C(m). On the other hand, the corresponding 
relative homology class is zero, since F sits in dX . 

We wish to emphasize that if M is a rational homology sphere then the open 
book can be recovered from the pair (M, K) by a theorem of Stallings. ( [ISt page 
34] provides two different arguments for this fact, one of them based on [6], the 
other on |74j .) On the other hand, in the general case, the information codified in 
the plumbing data of the pair (M, K) together with the multiplicity system (i.e. 
the graph with arrows decorated with Euler numbers, genera and multiplicities) is 
weaker than the open book decomposition itself (see e.g. |44) for different exam- 
ples). 

The matrix of the linear system of equations (|5.1.2p (in variables {m^j^gvv) 
is the 'intersection matrix' A of the graph (or of H2{X, Z)). If it is non-degenerate 
then by (|5.1.2p the pair (M, K) determines uniquely all the multiplicities. 

5.1.5. Manifolds with boundary. In a similar way, one can codify plumbed 
oriented 3-manifolds with boundary, where each boundary component is a torus. 
In general, one starts with an oriented closed 3-manifold M with some Hnk- 
components, cf. I|5.1.ip . Then one fixes a closed tubular neighbourhood T{K) 
of each link-component K, and then one deletes their interior T°{K) obtaining a 
manifold with boundary M \ T°{K). 

At the level of plumbing graphs, in the present article, this will be codified as 
follows: Assume that the arrowhead representing a connected component of K is 
connected by an edge to the non-arrowhead vertex v. Then replace this support- 
ing edge by a dash-edge (and delete its sign-decoration, or consider it irrelevant). 
I.e., the dash-arrows represent deleted solid tori around the components of the 
corresponding link-components. 

Equivalently, if is the number of dash-arrows supported by the non-arrowhead 
vertex w, then one can also get the plumbed manifold with boundary using the 
plumbing construction by deleting r^, solid tori (the inverse image of r^u small open 
discs of the base space of B^) from Byj. (This is codified in |49j by the decoration 
[r^] of w, instead of the dash-arrows of w.) 
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Notice that in this way, (i.e. by replacing an arrow supported by a usual edge 
by an arrow supported by a dash-edge) one looses some information (e.g. the 
Euler-number of supporting non-arrowhead w becomes irrelevant). 

5.1.6. Fibrations and multiplicities. Additionally, if M\r°(_ft') is a locally 
trivial fibration p over Si, one can define again a multiplicity system: for each 
non-arrowhead w one takes rriw ■= P*{'Jw) as above. Nevertheless, in this case 
the arrowheads supported by dash-arrows will carry no multiplicity decorations 
(or, equivalently, they will be disregarded). This system satisfies the compatibility 
relations l|5.1.2p in the following modified way: if w is a non-arrowhead which 
supports no dash-arrow, then (|5.1.2p is valid for that w. But, in general, no other 
relation holds. (I.e. I|5.1.2p is valid for all non-arrowhead vertices w with the 
convention that the multiplicity of the dash-arrows 'can be anything'.) 

Notice that if (M, K) has an open book decomposition, then the fibration 
of the complement of K contains less information than the original open book 
decomposition: in general, a fibration K \ T°{K) cannot be closed canonically to 
an open book decomposition. Similarly, the multiplicity system associated with a 
fibration p : M\T°{K) contains less information than the multipHcity system 

associated with the original open book decomposition. 

5.1.7. The plumbing calculus. The plumbing calculus of graphs with (non- 
dashed) arrowheads is similar to the calculus of oriented 3-manifolds presented in 
[491 (3.2) (i)] (valid for graphs without arrows, or for graphs with dash-arrows). Ac- 
cording to this, there are 9 permitted operations (and their inverses); in Neumann's 
notation they are: RO(a), RO(b)', Rl, R3, R5, R6, R7, R8, R2/4. 

Nevertheless, in the present article, guided by some results of the present work, 
we will consider a reduced set of operations. Our graphs will be constructed from 
a singularity theoretical viewpoint. We believe that using only the reduced set of 
operations, we preserve better some structure of these graphs (inherited by the 
algebro-geometric / analytic situation) , which might be lost if we run all the opera- 
tions of the C°°-calculus. (A similar situation is the case of the plumbing calculus 
of negative definite resolution graphs of normal surface singularities, or the dual 
graph of any kind of complex curve configuration on a smooth complex surface, 
where one usually uses only (— l)-blow ups, instead of all the operations of the 
C°°-calculus.) 

The principle how we make the 'reduced list' of operations is the following. For 
any decorated plumbing graph G let c{G) be the number of independent cycles in 
G (i.e. the rank of Hi{\G\), where |G| is the topological realization of G). Further- 
more, let g{G) be the sum of the genus decorations of G, i.e g{G) — J2w£W{G) 9w 
The point is that all our graphs provided by our main construction, associated with 
a fixed geometrical object (singularity) — but depending essentially on the choice 
of an embedded resolution — , share two properties: all of them are connected, and 
c(G) + g{G) is the same for all of them (describing a geometric entity independent 
of the construction, cf. (|16.4.10p ). We believe that all these graphs (associated with 
the same geometric object) should be connected by a calculus preserving these two 
properties. In particular, our 'reduced Hst' contains exactly those operations (of 
the oriented calculus) which preserve connectedness and the integer c(G) + g{G). 

This list (in Neumann's notation) (valid for graphs without any kind of arrows) 
is the following: RO(a) (reverse the sign-decoration on all edges other than loops 
adjacent to a vertex), Rl (blowing down ±1 vertices), R3 (0-chain absorption), 
R5 (oriented handle absorption). Additionally, in the presence of dash-arrows, one 
adds R8 (annulus absorption) as well. 

For the convenience of the reader we list them in the subsections l|5.1.10p - 
(|5. 1.1211 . 
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In this article we will manipulate only with these operations. Nevertheless, if 
the reader wishes to use some other operations of the (oriented) plumbing calculus, 
this is perfectly fine if she or he wished to focus only on dF, but some geometric 
information will be lost regarding other invariants). In fact, sometimes it is helpful 
to have in mind the 'splitting operation' R6 too, since it helps represent some of 
the manifolds as a connected sums. 

Definition 5.1.8. We write Gi ^ G2 if Gi can he obtained from G2 by the 
above reduced plumbing calculus. 

5.1.9. In fact, we conjecture that even the integers c{G) and g{G) are indepen- 
dent of the choice of G, and they are related with the weight filtration of the mixed 
Hodge structure on H^{dF), see |§ 21[ (Since these numbers are modified under the 
usual calculus, we get that the weight filtration of the mixed Hodge structure is 
not topological invariant of dF, for concrete examples see l|24.1.ip and l|24.1.2p .) 
This suggests, that if we would Hke to preserve this analytic information too, we 
have to exclude the oriented handle absorption R5 from the Hst of operations of 
the 'reduced calculus', and use a more restrictive set (which can be called 'strictly 
reduced oriented calculus'). 

5.1.10. 'Reduced' oriented plumbing calculus of plumbing graphs (with- 
out any kind of arrows) consists of the following operations and their inverses. We 
deal with connected graphs only and non-negative genus decorations. 

[RO](a). Reverse the signs on all edges other than loops adjacent to any fixed 
vertex. 

[Rl] (Blowing down), e = ±1 and the edge signs eo, ei, £2 are related by 
eo = -££162. 




[R3] (0-chain absorption). The edge signs e- {i = l,...,s) are related by e- = 
—eeei provided that the edge sign in question is not a loop, and e- = e^, if it is a 
loop. 




[R5] (Oriented handle absorption). 
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[9^ + 1] 



Remark 5.1.11. Usually, the operation R6 (splitting) of Neumann's article 
|49j replaces a connected graph by another one with several connected compo- 
nents. Nevertheless, if the starting graph is rather specific, then the output graph 
can be connected. This operation has the following form (where the two left-edges 
might have any sign-decorations) : 



[R6^ 



('Naive' splitting). 






e 






— r 




This operation can also be inserted in the list of l|5.1.10p : nevertheless, one can 
prove that it is a consequence of those already listed there. Indeed, blowing up 
the left-edge, and blowing down the strict transform of the 0-vertex, we realize 
that e can be replace by e ± 1. Hence by repeating this pair of operations, we can 
replace e by 0. Then a 0-chain absorption of this newly created 0-vertex finishes 
the argument. 



5.1.12. 'Reduced' oriented plumbing calculus of graphs with arrows. 

If the graph has some arrows and/or dash-arrows, then all the above moves have 
their natural analogs, complemented with some additional rules: 

(1) the vertex involved in RO(a) (and, obviously, the ±l-vertex in Rl and the 
0-vertex in R3 and R5) should be a non-arrowhead; 

(2) the (±l)-vertex blown down in Rl can have at most two edges (which 
might support even arrowheads) ; if the vertex has exactly one edge sup- 
porting an arrowhead, then we do not blow down; 

(3) the 0-vertex absorbed in R3 and R5, cannot support any kind of arrow; 

(4) by these operations, the arrows of the other vertices are naturally kept, and 
in the case of R3 the vertices supported by vertices i and j are summed; 

(5) if a vertex supports a dash-arrow then its Euler number is irrelevant. 



Additionally, one has the following operation as well: 
[R8] (Annulus absorption for dash— arrows). 




Here, if on the left hand side the vertex supports s arrows and t dash-arrows, then 
on the right hand side it supports s arrows and t + 1 dash-arrows. The Euler 
number * can be anything. 

A special, 'degenerate' version of this is the operation 
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where both graphs represent a manifold with boundary obtained from by re- 
moving the tubular neighbourhoods of two Hopf link-components. 

In the presence of a multiplicity system, all the above operations can be ex- 
tended with the corresponding multiplicities too in a natural and unique way such 
that the formulae l|5.1.2p stay stable under the operation. We emphasize again, that 
if a non-arrowhead vertex supports a dash-arrow, then its multiplicity is irrelevant. 

5.2. Example. — Hirzebruch— Jung strings. [5| I25|, [28j 

For any three strict positive integers a, b and c, with gcd(a, 6, c) = 1, let {X, x) 
be the normalization of {{x'^y'' + ^ 0},0) C (€^,0). Let z : {X,x) (C, 0) be 
induced by (x, y, z) i-^ z. Then the minimal embedded resolution graph of z is the 
following. First, consider the unique < A < c/{a,c) and mi € N with: 

a c 
(5.2.1) b + \-- -=mi- 



(a,c) (a,c) 

(Here (a, c) = gcd(a, c).) If A 7^ 0, then consider the continuous fraction: 

^^fci k,,...,kg>2. 

A 1 

k2-- 



1 

kg 

Then the next string is the embedded resolution graph of z: 

a ^^"^ b 

^ " T"^ T"^ — ■■■ — T"^ ^ 

(mi) (m2) (ms) 

The arrow at the left (resp. right) hand side codifies the strict transform of {x = 0} 
(resp. of {y = 0}). The first vertex has multiplicity mi given by (|5.2.ip : while 
1712, ■ ■ ■ jTis can be computed by (|5.1.2p with all edge-signs e = +, namely: 

— fcimi -I- r + ni2 = 0, and — kinii + m^-i + m^+i = for i > 2. 

(a,c) 

This graph might also serve as the resolution graph of the germ x (induced by 
the projection {x,y,z) 1-^ x). The multiplicities of x are given in the next graph 
(where the arrows codify the same strict transforms): 

—ki — fc2 ^kg 

ixic)) ' ' ••• » (0) 

(A) ((&,c)) 

The other multiplicities can again be computed by l|5.1.2p (with all e = -|-). Sym- 
metrically, the graph of y is: 

—ki — fc2 —ks 

(0) ' • ••• ? ((57y) 

((a,c)) (A) 
where < A < c/(c, 6) and 

~ b c 
(6, c) [b, c) 
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Hence, the embedded resolution graph r(X,x'"y^ z'^) of the germ x^y^z^ defined on 
X is the graph with the same shape, same Euler numbers and genera, and the 
multipHcity m.y (for any vertex v) satisfies: 

my{x^y-' z*') — i ■ m,y{x) + j ■ my{y) + k ■ m^{z). 

5.2.2. Next, we wish to define a string which will be used systematically in the 
main result. Strangely enough, its Euler numbers will be deleted. Before providing 
the precise definition, let us give a reason for it. 

Clearly, once we know all the multiplicities and the edge-decorations, all the 
Euler numbers can be recovered by l|5.1.2p . In the main construction, we will glue 
together graphs whose multipHcity systems on common parts agree, but under the 
gluings the Euler numbers might change. In particular, as 'elementary blocks' of the 
gluing construction we consider graphs with multiplicity decorations, but no Euler 
numbers: their 'correct' Euler numbers will be determined last after the gluing has 
been done and after deciding the edge-decorations. 

Definition 5.2.3. In the sequel, for positive integers a, b and c, Str{a, 6; c | k) 
denotes the string T{X, x^y^ z^), together with its two arrowheads, all vertices ( arrow- 
heads or not) weighted with multiplicities as above, and with all edge decorations +, 
hut with all Euler numbers deleted. Moreover, Str®{a, b; c \ k) is the same string 
but with all edges (connecting arrowheads and non- arrowheads) decorated with 0. 

In particular, if X = 0, then the corresponding string Str^{a,b;c\i,j;k) is a 
double arrow ( decorated with + or Q) having no non-arrowhead vertex. 

The same ±-double- arrow will be used for the string Str^{a,b;c\i,j;k) even 
if a ^ or b ~ (with the convention a/ (a, 6) = whenever a — 0). 

§ 6. Z Coverings of graphs. 

6.1. In this subsection we review a graph-theoretical constructions from [44\ . 

Definition 6.1.1. A morphism of graphs p : Fi — > r2 consists of two maps 
p\> : V(ri) V(r2) and p£ : £{^2), such that if e G £(^1) has end-points 

vi andv2, then pv{vi) and pv{v2) are the end-points of p£{e). If pv and ps (tre 
isomorphisms of sets, then we say that p is an isomorphism of graphs. 

IfV is a graph, we say that Z acts on T , if there are group-actions ay : Zx V ^ 
V and as : 1: x. E £ of Z with the following compatibility property: if e <E E has 
end-points vi and V2, then as(h,e) has end-points av{h,vi) and ay{h,V2). The 
action is trivial if ay and as are trivial actions. 

If Z acts on both Fi and T2, then a morphism p : Fi ^ r2 is equivariant if 
the maps p\> and pg are equivariant with respect to the actions ofL. If additionally 
p is an isomorphism then it is called an equivariant isomorphism of graphs. 

Fix a finite graph F, and assume that Z acts on it in a trivial way. 

Definition 6.1.2. A Z-covering, or cyclic covering, of F consists of a finite 
graph G, that carries a Z-action, together with an equivariant morphism p : G 
such that the restriction of the X-action on any set of type p^'^{v) (v G V(F)^, 
respectively p~^{e) (e G £(r)), is transitive. 

For any v e V(F) (respectively e G S{T) with end-points {vi,V2}), let n.^Z 
(respectively Oe • lcm{nv^ , n„2 )Z) be the maximal subgroup of Z which acts trivially 
oiip~^{v) (respectively onp~^(e)). This defines a system of strictly positive integers 
(n,d) = {{n„}„gv(r); {''e}eG£(r) }• It is called the covering data of the covering. 

Sometimes we write rie for De • Zcm(ni,j , Huj). 

Definition 6.1.3. Two cyclic coverings pi : Gi ^ T [i = 1,2) are equivalent 
(Gi ^ G2) if there is an equivariant isomorphism q : Gi ^ G2 such thatp2°q = Pi- 
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The set of equivalence classes of cyclic coverings of T, all of them associated 
with a fixed covering data (n,d), is denoted by ^(F, (n,d)). 

It turns out (cf. [441 (1.15)]) that t/(r, (n,d)) is independent of d, and it 
contains a distinguished element (the so-called 'trivial covering') T. T is charac- 
terized by the existence of a (non-equivariant) morphism of graphs s :T ^ T with 
po s = idr- Moreover, t/(r, (n,d)) has an abelian group structure, where T plays 
the role of the zero-element. 

In general, f/(r, (n,d)) is non-trivial. E.g., if (the topological realization of) 
r consists of a single cycle, i.e. V(r) = {vi,V2,. Vk}, f (r) = {{vi,V2), ("2,^3), 
. . . , {vk,vi)} with k > 3), and n := gcd{nt, : v e V(r)}, then Q{T, (n, d)) = Z„. On 
the other hand, one has: 

Theorem 6.1.4. O (1.20)] Fix T and (n,d) as above. Set := {v € V(r) : 
n„ = 1}. Let r^i be the subgraph of T obtained from T by deleting the vertices 
and their adjacent edges. If each connected component of F^i is a tree, then 

e(r,(n,d)) = o. 

6.1.5. In particular, if F is a tree, then with any fixed covering data (n, d) there 
is only one covering G. It is not hard to show that G has exactly gcd{n„}„gv(r) 
connected components. 

6.1.6. The graphs above might also have loops — as special edges: in the 
definitions and statements above the end-vertices vi and V2 of a loop should be 
identified. 

6.2. Variations. One extends the set of coverings as follows (cf. |44( 1.25]). 

(1) Assume that we have two types of vertices: arrowheads A and non- 
arrowheads W, i.e. V = ^]jyV. Then in the definition of the coverings 
p : G ^ r we add the following axiom: A{G) = p~^{A{r)). 

(2) Assume that our graphs have some decorations. Then for coverings p : 
G ^ T we also require that the decoration of G must be equi variant. 

(3) Change (in an equivariant way) any edge of G into a string. More precisely, 
one starts with the following data: 

(a) a graph T and a system (n, d) as above; 

(b) a covering p : G ^ F, as an element of t/(F, (n, d)); 

(c) for any edge e of F, we fix a string Str^{e) (with decorations): 

StrHe): ■ ^ ■ ^ ■ ^ ••• ^ ■ ^ ■ 

(rni) (7712) {nis) 



Then the new graph G{{Str^{e)}e) is constructed as follows: we re- 
place any edge e S Pg^ie) (with end-points vi and V2 and decoration ±) 
of G as it is shown below: 

is 

± 1 J ± ± ± ± ± 

replaced ' ' ' ' ^ 



vi V2 vi (rni) ("1-2) {nis) V2 
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The graph Tq of a pair (/, g) (preliminaries) 

§ 7. The definition of the weighted graph Tc 

7.1. Introductory words. The main tool of the present work is the weighted 
graph Tc introduced and studied in [48]. It has two types of vertices, non-arrowheads 
and arrowheads. The non- arrowhead vertices have two types of decorations, the 
first one is an ordered triple (m; n, v) for some integers m^v > Q and n > 0, the 
second (the 'genus') is denoted by [g] for a non-negative integer g. If g = then this 
decoration might be omitted. The arrowheads have only one decoration, namely 
the ordered triple (1;0, 1). The edges are not directed, and loops are accepted. 
Each edge has a decoration e {1,2} (which in some situations might be omitted, 

cf. Frm ). 

The graph Tc was introduced in |48j to study a hypersurface singularity / with 
1-dimensional singular locus, and the 'generalized lomdin series' associated with /. 

More precisely, in [48j we have considered an additional germ g : (C'^,0) — > 
(C, 0) such that the pair (/, g) forms an ICIS, and we determined the resolution 
graph of each normal surface singularity f + g'', for k large, in terms of Tc- Moti- 
vated by the fact that Tc contains all the information needed to treat 'almost all' 
the correction terms of the invariants of the series, cf. }48j and (|1.3p . we used to 
call Tc 'universal'. Its power is reinforced by the present work as well. 

Nevertheless, perhaps, the name bi-colored relative graph associated with the 
pair {f,g) tells more about the geometry encoded in the graph. Here, the first 
attribute points out that the edges have bi-colored decorations (a key fact which 
has enormous geometrical effects), while by 'relative' we wish to stress, that the 
graph codifies the g-polar geometry of / concentrated near the singular locus of 
Vf (in particular, in Tc the functions / and g do not have a symmetric role). For 
more motivation and supporting intuitive arguments regarding Tc, see l|8.5p too. 

In short, the graph Tc is the decorated dual graph of some curve configuration 
C in the embedded resolution of the pair (C'^, Vf UVg), see below. 

7.1.1. Short review of the construction of Fc- (For more details, see [48].) 
Consider an ICIS (/,g) : (€^,0) (C^O) and the local divisor (^,0) := 
(Vf U Vg, 0) C (C'^, 0). Let $ denote a fixed good representative as in l|4.ip . 
Take an embedded resolution 

r : y^"'' U 

of {D,0) C (C^,0). Here y™'' is smooth, r is proper, /7 is a small representative 
of (C3,0) of type U = «'"^(£'^) D B^, and the total transform D := r-'^^D) is a 
normal crossing divisor. Moreover, we assume that the restriction of r on y^™'' \ 
r~^ {Sing{Vf)U Sing{Vg)) is a biholomorphic isomorphism. (Notice that Sing{Vf)U 
Sing(Vg) is a smaller set than the 'usual' Sing{D), but since the intersection VfHVg 
is already transversal off the origin, the above assumption can always be satisfied 
for a convenient resolution.) In particular, 

$ = $ o r : {r-\<i>-\Dl \ A*) n B,),r-\<S>-\D^^ \ A$) D S!) ^ \ A* 
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is a locally trivial C°°-fibration of a pair of spaces (here = dB^). 

Consider a special curve configuration determined by the vanishing behaviour 
of the pullbacks of / and g on D. Denote by Dc those irreducible components of 
the total transform D where only for vanishes, i.e. Dc = r~^{Vf \ Vg). Similarly, 
consider = r-^{Vg \ Vj) and Do = r-\Vf n Vg). 

Definition 7.1.2. The curve configuration C is defined by 

c = (DenDo)u(DenDd). 

Thus, for each irreducible component C of C, there are exactly two irreducible 
components Bi and B2 of D for which C is a component of i?i fl -62- By the 
definition of C, we can assume that Bi is such that only for vanishes on it, and 
B2 is such that either only g o r vanishes on it, or both for and g o r. 

Let ruf^Bi (respectively rUg^Bi) be the vanishing order of / o r (respectively of 
g o r) along Bi {i = 1,2). Then mf^Bi > 0, mg^Bi = 0, rUf^Bi > 0, and mg^s^ > 0- 
To the component C we assign the triple {mf^Bi]'rnf^B2:^g,B2)- 

A component C of C is either compact (projective) or non-compact (isomorphic 
to a disc) . The non-compact components consist of the strict transform of V/ fl . 
Therefore, {nif^Bi ; '^'/,-B2i '^9,52) = (1; 0, 1) for them. The compact components are 
exactly those which are contained in r~^(0). 

7.1.3. The graph Tc is the dual graph of the curve configuration C. 

The set of vertices V consists of non-arrowheads W and arrowheads A. The 
non-arrowhead vertices correspond to the compact irreducible curves of C while the 
arrowhead vertices to the non-compact ones. 

In Tc, one connects the vertices Vt and vj by I edges {{vi,Vj)k}k=i,...,i if the 
corresponding curves Cj.Cj C C intersect in I points. Moreover, if a compact 
component C C, corresponding to a vertex G W, intersects itself then each 
self-intersection point determines a loop [vi, Vt) in the graph Tc- The edges are not 
directed, i.e. {v-i_,Vj)k = {vj,Vi,)k. 

One decorates the graph Tc as follows: 

(1) Each non-arrowhead vertex v G W has two weights: the ordered triple 
of integers (m/^Sjjm/^Bjjmg^Sj) assigned to the irreducible component C 
corresponding to v, and the genus g of (the normalization of) C. 

(2) Each arrowhead vertex has a single weight: the ordered triple (1; 0, 1). 

(3) Each edge has a weight G {1,2} determined as follows. By construction, 
any edge corresponds to the intersection point of three local irreducible 
components of D. Among them either one or two local components belong 
to Dc. Correspondingly, in the first case let the weight on the edge be 1, 
in the second case 2. 

7.2. Summary of notation for Tc, and local equations. The next table 
and local coordinate realizations will be helpful in the further discussions and proofs. 

Vertices: 

(m; n, v) 

The vertex • codifies a compact irreducible component C of C of genus g. 
[9] 

There is a local neighbourhood Up of any generic point p G C with local coordinates 
{u,v,w) such that f/pOD = B^UB^ ^ B{ ^ {u = 0}, Bi, = {v = 0}, for\u^ = u"*?;", 
and g o r\u^^ = with m,v > 0; n >0. (Here Bl arc local components of D at p.) 

The arrowhead vertex — ^ (1; 0, 1) codifies a non-compact component. The 
local description goes by the same principle as above. 
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Edges: An edge corresponds to an intersection point p € Ci f] Cj (or a self- 
intersection of C, if i = j). There is a local neighbourhood Up of p with local 
coordinates {u, v, w) such that Up HD ^ B[ U B2 U B\, and B\ = {u = 0}, i?2 = 
{■y = 0}, -B3 = {w = 0}. Moreover, the local equations of / and g are as follows: 

An edge with decoration 1: 



{m;n,v) i {m;l,X) corresponds to local equations: 



Vi V2 



where m,v,X> Q and n, Z > 0. 



One has similar equations with (1; v) \ 
TO =, A = 1, / = 0, ;y > 0, n > ^ (1;0,1) 



if U2 is an arrowhead: 



[9] 



An edge with decoration 2: 

(m; n, v) 2 ("^'; '^i ^) provides local equations: 

Vi V2 with m, m', v > and n > 0. 



One has similar equations with (to; 0, 1) 2 

m' =, 1/ = 1, n = and m > • ^ (1;0, 1) 

if V2 is an arrowhead: I^l 



Remark 7.2.1. There is a compatibility between the weights that simplifies 
decorations. Indeed, consider the following edge: 

(m; a, 6) x ('^5 d) 

• • (a) if m 7^ n, then (a, b) = (c, rf) and x ~ 2; 

[g] [g'] (b) if (a, 6) 7^ (c, d), then m = n and a; = 1. 

In particular, in the cases (a)-(b) above, the weight of the edge is determined by 
the weights of the vertices, hence (in some cases) it will be omitted. 

Remark 7.2.2. Clearly, different resolutions r provide different curve config- 
urations C. In particular, the graph Tc is not unique. (We believe that there is 
a 'calculus' of such graphs connecting different graphs Tc coming from different 
embedded resolutions of {D,0) C (C^,0), but this was not yet developed with all 
the details; we will return to it in a forthcoming work.) 

7.3. Assumption A. In the graph Tc a special attention is needed for edges 
of weight 2 with both end-vertices having first multiplicity m = 1 (including the 
case of loops too, when the two end- vertices coincide). Such an edge corresponds 
to a point p which lies at the intersection of three locally irreducible components 
on exactly two of which only for vanishes and that happens with multiplicity 
one. Thus the intersection of these two locally irreducible components is the strict 
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transform of a component of Sing(Vf) with transversal type Ai, which has not 
been blown up during the resolution procedure r. 

Performing an additional blow-up along this intersection, we obtain a new 
embedded resolution r', whose special curve configuration C will have an additional 
rational curve. The relevant edge of the dual graph Tc is changed to the dual graph 
Tc with a new part via the transformation as: 

' ' 'm [g] ' ' ' 

In order to avoid some pathological cases in the discussion, and to have a 
uniform treatment of the properties of Fc (e.g. of the 'cutting edges' and subgraphs 

and r^, see the next section), we will assume that Tc has no such edges (i.e. 
that we already performed the extra blow-ups, if it was necessary). The same 
discussion/assumption is valid for loops and for the situation when one of the ends 
above is replaced by an arrowhead. 

This assumption is not crucial at all, the interested reader might eliminate it 
with the price of having to slightly modify the statements of the forthcoming sub- 
sections (|8.2p and (|8.3p . (In fact, in the algorithm which provides dF, Assumption 
A is irrelevant.) 

§8. Properties of the graph Tc. 

8.1. We review those properties of Tc that are needed in the sequel. For a 
more complete discussion, see [48]. 

Proposition 8.1.1. 011 (5.23)] Tc is connected. 

8.1.2. A partition of Tc and 'cutting edges'. The vertices of the graph 
Tc can be divided into two disjoint sets V(rc) = V^iTc) U V^iTc), where V^{Tc) 
(respectively V'^{Tc)) consists of the vertices decorated by {m]n,v) with m — 1 
(respectively m > 2). We will use similar notations for W{Tc) and A{Tc). 

The set of edges (wi,W2) with ends vi £ V^{Tc) and V2 S W^(rc) will be called 
cutting edges. Their edge-decoration is always 2. We denote their index set by Scut- 

According to the decomposition V = U V^, we partition Tc into two graphs 

and as follows. 

8.2. The graph F^. It is constructed in two steps. First, consider the maxi- 
mal subgraph Fj of Fc which is spanned by the vertices v € V^(Fc) and has no edges 
of weight 2. Then, corresponding to each cutting edge — whose end- vertices vi, 
respectively V2, carry weights (l;n, z^) and {m;n,v), m > 1 — , add an arrowhead 
decorated with the weight (m; n, v), and connect it to vi by an edge. In particular, 
F^ has two types of arrowheads: first, all the arrowheads of Fc are arrowheads of 
FJ (all with weight (1;0, 1)), then all the cutting edges provide arrowheads, the 
first entry of the weight of such an arrowhead satisfies m > 1. 

If an edge of Fc with decoration 2 supports an arrowhead v (and the other 
vertex has weight (m; 0, 1), where m > 1 automatically because of Assumption A, 
cf. I|7.3p ). then this edge becomes a double arrowhead of F^: an edge supporting 
two arrowheads (one with weight (1;0, 1), the other with (m;0, 1)). This double 
arrowhead forms a connected component of Fj . 

8.2.1. Deleting some of the information of Fj, we obtain another graph 
(which looks like the weighted embedded resolution graph of a germ of an analytic 
function defined on a normal surface singularity): For any non-arrowhead vertex. 
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or for any arrowhead with decoration (1;0, 1), replace the weight (l;n, i/) by (u), 
and keep the genus-decorations of non-arrowheads. The weight (m; n, v) of an 
arrowhead vertex with m > 1 is replaced by weight (0). Notice also that all the 
decorations of the edges are 1; they can be replaced by + (hence, they can be 
deleted by our convention). Finally, we determine the Euler numbers via (|5.1.2p 
using edge-decorations Cg = 

Proposition 8.2.2. [48, (5.27)] is an embedded resolution graph of 

ynorm £^ (C^Q), 

where n : {Vp°'^"^ , {0)) (^/,0) is the normalization. In particular, the number 
of connected components ofT^. coincides with the number of irreducible components 
of the germ (V/,0). (Here, a connected component ofV^ which consists of a double 
arrowhead, corresponds to a smooth component of vp°™ on which gon is smooth, 
and which has not been modified during the resolution.) 

The arrowheads with multiplicity (0) represent the strict transforms of the sin- 
gular locus S/. 

8.3. The graph F^. Similarly, the 'complementary' subgraph F^ is constructed 
in two steps as well. First, consider the maximal subgraph of Tq spanned by the 
vertices v e V^(Fc). Then, corresponding to each cutting edge (cf. I|8.1.2p ). whose 
end-vertices vi, respectively V2 carry weights (1; n, v) respectively (m; n,v), m > 1, 
regardless of vi being an arrowhead or not, add an arrowhead (and a supporting 
edge glued to V2 and decorated by 2). Moreover, decorate this arrowhead with 
weight (1; n, v). 

Proposition 8.3.1. |48l (5.32)] There is a one-to-one correspondence between 
the connected components ofT^ and the irreducible components of {Sing(Vf),0). 

Fix an irreducible component T,j of Sing{Vf). Define Cy,. C C as the union 
of those irreducible components C of C weighted {m;n,v) with m > 1, for which 
C C B for some component B C Dc, such that B is projected via r onto Sj. 

Then Cs^ is connected and its irreducible components correspond to the non- 
arrowhead vertices of one of the connected components F^ ^ of F^ . 

In fact, besides other data, F^ ^ contains all the information about the equisin- 
gularity type of the transversal singularity TSj of Sj. In order to formulate this, 
we need some preparation. 

We define on W(F^j) the following equivalence relation. First, we say that 
wi ~ W2 if wi and W2 are connected by an edge of weight 1, then we extend ^ 
to an equivalence relation. \{ K — {wi^ , • ■ • , Wi^ } is an equivalence class (with 
decorations (m; n^, , t'i J) then set v^K) :— gcA{vi^ , . . . ,Vi^) and m{K) m. Each 
class K defines a connected subgraph G{K) of F^ ^ with vertices from K and 1-edges 
connecting them. 

A new (connected) graph F^ ^ / ~ is obtained from F^ ^ by collapsing it along 
edges of weight 1. More precisely, each subgraph T{K) is replaced by a non- 
arrowhead vertex. If two subgraphs T{K) and T{K') are connected by k 2-edges 
in F^ ^ , then the corresponding vertices of F^^ / ~ are connected by k edges. (In 
fact, it turns out that A: < 1.) If the non-arrowhead vertices of T{K) support k 
arrowheads altogether, then on the corresponding non-arrowhead vertex of F^ ^7 ~ 
one puts exactly k arrowheads. 

Proposition 8.3.2. [Hi (5.43)] Let dj be the degree of the finite map 
Then there exists an embedded resolution graph G{TY.j) of the transversal type TY^j 
and a cyclic graph covering p : dj ■G{TYij) F^ ^/ ~. (Here, d-G means d disjoint 
copies of G.) Therefore, F^ ^ is a tree, with all genus decorations zero. 
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The covering data is the following. For any non- arrowhead vertex w ofT^j/ ~, 
which corresponds to K, set := i^{K). For any arrowhead vertex v ofT'^j/ ~, 
which corresponds to an arrowhead of j with weight {l;n,v), set n,„ := v. For 
any edge ofT^j/ ^, which comes from a 2-edge e of j with endpoints with 
weights n, v), set Tie := v. 

In this way (since G{TYij) is connected) one recovers from ^- the shape of 
G{TYjj) and the integer dj (see also 118.3.3]} }. The decorations ofT'^j (which are the 
same as the decorations of the embedded resolution graph G(TYij), cf. f6.2\} } can be 
obtained as follows. The multiplicity of any vertex in p^^{w), where w corresponds 
to K, is m(K), while the multiplicities of arrowheads are 1. Finally, the Euler 
number can be computed via 115.1.2]} (with all e = +). 

Remark 8.3.3. In fact, using l|6.1.5p . we get for any j e {1, . . . , s} that 

dj = gcdii^v)vGWirl^)- 
Hence, (|8.3.2p guarantees that there is a graph covering of connected graphs 

G(TS,) Tl^/ ^ 
whose covering data are those presented in (|8.3.2p divided by dj . 

8.4. Cutting edges revisited. Consider a cutting edge e of Fc, cf. (|8.1.2p : 

let the weights of the end-vertices have the form ( • ; n, z/). Fix local coordinates as 
in ([72]), and set C* := B[ n B^. Then r|C* : C* E^- is finite. Denote its degree 
by d{e). Obviously deg{r\Cl) ■ deg{g\Tij) — deg{g o r|C*) = i/, hence die) • dj = v. 

Since dj and v can be obtained from Fc (cf. (|8.3p ). the degree d(e) can also be 
recovered from Fc . 

For every fixed j, let Ecut.j be the set of cutting edges connecting Fc j with Fc. 
Also, write #TT,j for the number of local irreducible components of TEj, which 
coincides with the number of connected components of dF'j. 

The point is that 4/^{TT,j) > \£cut,j\, and, in general, the equality does not hold. 
Indeed, each e € Scutj is 'responsible' for d(e) local irreducible component of TT,j, 
and 

(8.4.1) #TE,= ^ d{e). 

The above identity can also be interpreted as follows. The vertical (transversal 
type) monodromy rn'^ permutes the connected components of dF'^\ each orbit 
corresponds to a cutting edge e € Scutj, and the length (cardinality) of the corre- 
sponding orbit is d{e). 

8.5. Why work with C? Let $ : C/ C^, $(!]/) Ai = {c = 0} be as in 
(|4.ip . Similarly as above, (c, d) are the coordinates of the target. For any integer 
M > 0, we define the 'wedge set' of Ai by 

^ {{c,d) e Dl I < |c| < 
One verifies that W^,a/ C Df^ \ A$ for M > 0. Moreover (cf. [Ml (5.5)]), 

(8.5.1) $-i(w,,Af)n$-i(0) -C. 

Therefore, one expects, that from the dual graph Fc of the special curve configu- 
ration C (endowed with all the necessary multiplicity data), one is able to extract 
topological information about r~^{S) for all sets S C (C'^,0) with $(5) C W,,_Af. 
Notice that ^~^{dDs), or even $~^(Ta) (cf. I|4.ip '). is such a space! Hence, 
M should contain crucial information regarding dF and its Milnor monodromy 
too. This fact is exploited in the present article. 
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The identity l|8.5.ip has the following consequence: 
Corollary 8.5.2. 

a) For any open (tubular) neighbourhood T (C) C V™^^ , there exist a sufficiently 
large M and a sufficiently small rj such that for any (c, d) G W,, jvf the "lifted Milnor 
fibre" ^-^{c,d) is inT{C). 

b) For any p ^ C and local neighbourhood Up of p, there exist a sufficiently 
large M and a sufficiently small rj such that for any (c, d) e W^jv/ one has Up n 
$-i(c,d)7^0. 

8.5.3. In this way, the curve C as a 'limit of the lifted Milnor fiber', provides a 
natural decomposition of := r~^{F<p), or of F$. 

Indeed, for each edge e of Fc, let Pe be the corresponding intersection point of 
two components of C. Let Up^ be a small neighbourhood of Pe. Then the lifted 
Milnor fiber F$ = <I>~^(c, d) (with (c, d) as in l|8.5.2p (b)) intersects Up^ in a tubular 
neighbourhood of some embedded circles of i^<j. Consider the collection E of all 
these type of circles. Then F^p is a union of type 



where each F^ is sitting in a tubular neighbourhood of the corresponding component 
Cv of C. Moreover, both horizontal and vertical monodromy actions over the torus 
Ts (cf. I|4.ip ) may be chosen in such a way that they preserve the cutting circles 
E and their restrictions on each F„ are isotopic to a pair of finite actions which 
commute. (This last fact follows from the fact that any 5'^-bundle over a non-closed 
Riemann surface is trivial, and from the form of the local equations of / and g near 



(8.5.4) 




■uev(rc) 



a, cf. dLiD.) 



CHAPTER V 



Examples for Tc 



§ 9. Singularities associated with plane curve singularities 

9.1. Cylinders of plane curve singularities. Consider f{x,y,z) — f'{x,y) 
and g{x,y, z) = z, where /' : (C^,0) — > (C,0) is an isolated plane curve singularity. 
Replacing the quadratic transformations of the infinitely near points of € by 
blowing ups along the 1-dimensional axis (namely, the corresponding local z-axis) , 
one obtains the following. Let r(C^,/') denote the minimal embedded resolution 
graph of the plane curve sing ularity /' : {C^,0) (C,0). Recall that (besides the 
Euler numbers and genera of the non-arrowheads) each vertex has a multiplicity 
decoration (m), the vanishing order of the pull-back of /' along the corresponding 
irreducible curve. 

Then, one can get a possible dual graph Tc from r(C^,/') via the following 
conversion: 

The shape of Tc is the same, only the decorations are modified: the Euler num- 
bers are deleted, while for each vertex the multiplicity (m) is replaced by (m; 0, 1). 
The genus decorations in Tc (similarly as in r(C^,/')) of all non-arrowheads are 
zero. Moreover, all edges in Tc have weight 2. 

Example 9.1.1. Let f{x, y, z) = f'{x, y) = {x^ - y^){y^ - x^). Then r(C2, /') 

is: 




which is transformed into F, 



(5; 0,1) 



(5; 0,1) 



9.1.2. It is easy to verify that = Tc, and F^ consists of double arrows. 



where is the number of irreducible components of /'. The statements of (|8.2p 
and l|8.3p can easily be verified. 

9.2. Germs of type / zf'[x,y). Here /' : (€^,0) (C, 0) is an isolated 
plane curve singularity as above, f{x,y,z) := zf'{x,y) and g is a generic linear 
form in (a:, y, z). 

For this family we found no nice uniform presentation of Tc (with similar 
simplicity and conceptual conciseness as in l|9.ip ) (compare also with the second 
paragraph of (|9.3.ip ). Since the boundary 3-manifold dF can be determined com- 
pletely and rather easily for any / — zf'{x,y) by another method, see |§ 2Q\ we 
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decided to omit general technical graph-presentations here. Nevertheless, particu- 
lar testing examples can be determined without big difficulty, e.g. we will provide 
Tc for /' = x"^^^ + y'^^^ (when / becomes homogeneous, a case which is treated 
in |§ 10| uniformly with highest generality), or for f — + below. For more 
comments (and mysteries) regarding the possible graphs Tc, see (|26.1.7p . 

Example 9.2.1. Assume that / = z{x'^ + y^) and take 5 to be a generic linear 
form. The 'ad hoc blowing up procedure' (using the 'naive' principle to blow up 
the 'worst singular locus') provides the following Tc (where we marked the 2-edges, 
all the others are 1-edges): 

(1;4,1) (1;8,2) (1;3,1) 

• T ■ (i;0,i) 

2 

(1;8,2)<. (1;0,1) 

(l;7,l)o 

2 

, 2 [ , 2 , 

(3; 7,1) (6; 7,1) (6; 3,1) (2; 3,1) 

9.3. (Double) suspensions. Suspension singularities have the form /(x, y, z) = 
f'{x,y) + z'', where /' : (C^,0) (C, 0) is a non-isolated plane curve singularity. 
When d = 2 the germ is called double-suspension. When /' is not very compli- 
cated, one might find a convenient resolution by 'ad hoc' blow ups, such as in the 
following case: 

Example 9.3.1. Assume that / — x'^y + and g — x + y. Then a possible Tc 

is: 

(2; 3,1) (2; 6, 2) (2; 0,1) 



(1;3,1) (1;6,2) (1;0,1) 

Of course, for the general family, we need a more conceptual and uniform 
procedure. In general, when determining Tc, the construction of an embedded 
resolution r (cf. I|7.1.ip ) is not always simple, and it might depend essentially on 
the choice of the germ g as well. Ideally, for any / it would be nice to find a 
germ g such that the pair (/, g) would admit a resolution r which reflects only the 
geometry of / (e.g. it is a 'canonical', or 'minimal' embedded resolution of Vf, but 
unfortunately, in general, such a resolution does not work since the strict transform 
oi g may still have 'bad contacts' with the created exceptional divisors). 

Nevertheless, for double suspensions / = f + z^, if one constructs a 'canonical' 
resolution using the classical Abhyankar-Jung construction fltting with the shape of 
/ (i.e. based on the projection on the (x, ?/)-plane, and used in the construction of 
suspension isolated singularities in [44] as well), the obtained embedded resolution 
will be compatible with g too, provided that we take for g the generic linear form. 
We expect that a similar phenomenon is valid for arbitrary suspensions as well. 

Since the embedded resolution of double suspensions is already present in the 
literature, cf. this case can be exemplifled without too much extra work (nev- 
ertheless, the computations are not trivial, and their veriflcation will require some 
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effort from the reader, and familiarity with [4]). In the sequel we present the main 
steps needed to understand the procedure, we provide some examples, and we let 
the reader explore his/her favourite example. To the general case {d > 2) we will 
return back later in a forthcoming work. 

We prefer to write g as g'{x,y) + z, where g' is a generic linear form (with 
respect to /') in variables {x,y). 

The embedded resolution of (/g)~"^(0) C (C'^, 0) is constructed in several steps, 
which are summarized in the following diagram: 

X — ^ X — [/3 D {.fg)-\0) 



c/2 D(/V)-i(o) 



where 

(1) is a small representative of (C"^, 0) and p -.U^ is induced by the 
projection {x,y,z) {x,y). 

(2) <i>: Z isa 'good' embedded resolution of ((/'.g')"HO)> 0) C (€^,0). 
Each irreducible component D of the exceptional divisor and of the strict 
transform has two nonnegative integers attached to it: the multiplicity 
(vanishing order) m(/'), respectively m{g') of /', respectively g' , along 
that component. 

We take the minimal good embedded resolution modified as in [4l 
(3.1)]: we assume that there are no pairs of irreducible components Di, Dj 
with {Di,Dj) 7^ and both multiplicities ■mi{f),mj{f) odd. (This can 
always be achieved by an additional blow up.) 

(3) p' : X -> Z is the pull-back ofp:U^^U'^ via Note that X is smooth. 
Let T = ($')"H(/5)"H0)) be the total transform of (/5)"H0) in X. In 
fact, by construction, both strict transforms of Vf and Vg are smooth (but 
the transversality of the components might not be satisfied) . 

(4) r is the 'embedded resolution' of {^')~^{Vf ) C X as described in [4, (3.4)] 
(which associates 'towers' of exceptional — ruled — surfaces over each 
exceptional divisor in Z). 

The point is that if we follow the convention of [4l (3.4)], namely that one 
constructs first the 'towers' above irreducible curves of the exceptional divisor in Z 
with even multiplicity rn{f), then r automatically provides an 'embedded resolution' 
of the total transform T = ($')~^(^/ U K,) C X as well. 

It is important to note that, as explained in the Introduction of^,^'or:X^ 
obtained this way is only an isomorphism above — {x = y — 0}, and not 
above — {0}. In particular, the Milnor fiber of / is not lifted diffeomorphically 
under this modification (it is blown up in the intersection points of F^^s with the 
z-axis). Nevertheless, as the boundary dF^^s has no intersection points with the 
z-axis provided that S e, this modification serves in this procedure as a genuine 
embedded resolution. 

The above strategy leads to a combinatorial algorithm in two steps. In Step 1 
one determines the embedded resolution graph T fg' (weighted with both multiplic- 
ities of /' and g') of the plane curve singularity (/'5')~^(0) <^ (C^,0); and in Step 
2 one reads from the 'towers' provided by [4] the graph Tq of (/, 5), which appears 
as a 'modified covering' of Tfigi. (However, one needs to carry in all the towers 
the multiplicities of g as well. Also, in certain cases, the genera of the projective 
irreducible components C of the special curve configuration C may be difficult to 



36 



V. EXAMPLES FOR Tc 



determine from the local equations of C. However, if the hnk of the normaUzation 
of Vf is a rational homology sphere, then we can be sure that in Tc all the genus 
decorations are zero, cf. I|8.2.2p and (|8.3.2p — as it happens in all the examples 
worked out in this section.) 



Example 9.3.2. Assume that f'{x, y) = x^j/^. There are three cases that need 
to be distinguished, depending on the parity of a and b. 

CASE 1. If both a and b are even, that is /(a;, y) = x^"?/^™, and g' — x + y, then 
by Step 1 the dual graph of the minimal good embedded resolution of the plain 
curve singularity {f'g' = 0} C (C^,0) (with weights as above) is 



(2n,0) 



(2(n + m),l) 



(0,1) 



By Step 2, a possible graph Tq of (/, g) is: 



(2m, 0) 



(l;2(n + m),l) 



(2n;2(n + m),l) 
(2n-2;2(n + m),l) 
(4;2(n + m),l) 
(2;2(n + m),l) 




(2m;2(ri + m),l) 
(2m-2;2(n + m),l) 

(4;2(n + m),l) 

(2;2(n + m),l) 



CASE 2. If a is even and b is odd, that is f{x,y) — j;2ny2m+i^ g' — x + y, 
then by Step 1 one gets the graph: 



(2n,0) 



(2n + 2m+l,l) (2n + 4m + 2, 1) (2m + 1,0) 



(0,1) 



(Here the assumption of not having adjacent irreducible components with both 
multiplicities mi(/),mj(/) odd is taken into account.) 
By Step 2, a possible universal graph Tq of {h,g) is: 



(2n;2(n + m) + l,l) 
(2n;4(n + m) + 2,2) 
(2n;2(n + m),l) 
(2n- 2;2(n + m),l) 
(4;2(n + m),l) 
(2;2(n + m),l) 
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(2m + 1; 2n + 4m + 2, 1) 









• 


(1; 4n + 4m + 2, 2) 


n • 2t) + 4m + 2 Tl 








• 




(1;0, 1) 







(4m + 2; 2n + 4m + 2, 1) 
(2m;2(n + m),l) 
(2m- 2;2(n + m),l) 

I 
I 

♦ (4;2(n + m),l) 

i (2;2(n + m),l) 



CASE 3. Finally, if both a and b are odd, that is f{x,y) = a;2"+iy2m+i^ and 
g' = X + y, then 5iep 7 produces the graph: 

(2n+l,0) (2(n + m+l),l) (2m +1,0) 



(0,1) 



While a possible graph Tc is: 
(2n + l;2(n + m + l),l) 
(4n + 2;2(n + m + l),l) 
(2n;2(n + m + l),l) 
(2n-2;2(n + m + l),l) 
(4;2(n + m + l),l) 
(2;2(n + m + l),l) 




(2m+l;2(n + m + l),l) 
(4m + 2;2(n + m + l),l) 
(2m;2(n + m + l),l) 
(2m- 2;2(n + m + 1),1) 
(4;2(n + m + l),l) 
(2;2(n + m + l),l) 



Example 9.3.3. Consider the infinite family Ta.2.x, i-e. f{x, y, z) = x°- + y'^ + 
xyz with a > 3. This expression, by completing the square and renaming variables, 
can be brought to the form f{x,y,z) = x^{x°'~'^ + y^) + z"^. In particular, the 
previous method can be used with g{x, y,z) = x + y + z. 

Step 1: The dual graph of the minimal good embedded resolution of the plain 
curve singularity {f'g' = 0} C (C^,0) with /' = x'^{x°'~'^ + y^) and g' = x + y, for 
a = 2fc + 3, > 1 is 
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(0,1) (1,0) 



(2,0) (4,1) (6,1) (2fc, 1) (2fc + 2,l) (4fc + 6,2) (2fc + 3, 1) 

Step 2: A possible Tq for (/, 5) is: 



(1;0,1) 



(i;4,i) 



(l;2fc,l) (l;2fe + 2,l) 



(2; 4,1) 




Ak + 6,2) (l;4fc + 6,2) 



(i;4,i) 



(l;2fc,l) (l;2fe + 2,l) 



(1;0,1) 

For fc = (i.e. for a = 3), Step 1 of the Abhyankar-Jung method provides 

(0,1) 



(1,0) 



(2,0) (6,1) 
'covered' by the graph Fc: 
2 



(3,1) 




(i;0,i) 



(For an alternative universal graph with different g, see (|9.4.3p .) 
In case a = 2k, k > 3, Step 1 provides 

(0,1) 



(2,0) (4,1) 



(6,1) 



(2fc-2,l) (2fc,l 




(1,0) 



(1,0) 



and a possible universal graph Tq is the 'covering' 
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(i;0, 1) 



(i;4, 1) 




(i;6,i) 
— • - - 



(1;2A:-2,1) 




(1;6,1) (l;2fc-2,l) 



(1;0,1) 

For k = 2 (that is a = 4) Step 1 gives 

(0,1) 



(2,0) (4 
while Step 2 provides 

2 

(2;4,1 




(l;2fc,l) 



Example 9.3.4. Consider the family f{x, y, z) = x"-y{x'^ + y^) + with a > 2 
and g = X + y + z. Again, we need to consider two cases depending on parity of a. 

When a is even, and taking into account, that no neighbouring vertices can 
have both multiplicities of /' to be odd, Step 1 gives for f'g': 



(2a + 4,1) (3a + 8, 2) 
• f 



(a + 3,1) (a + 4,1) 



(a,0) 



(1,0) 



(0,1) 



(1,0) 



Step 2 provides 



40 



V. EXAMPLES FOR Tc 



(1; 2a + 4,1) 



(a; 2a + 4, 1) 



(o - 2; 2a + 4, 1) 



(4; 2a + 4,1) 



(2; 2a + 4, 1) 




(l;3o + 8,2) (l;2a + 6,2) (l;a + 4,l) 
f • 



(i;0,i) 



When a is odd, and again taking into account, that no neighbouring vertices can 
have both multiplicities of /' to be odd. Step 1 gives for f'g': 



(2a + 4,1) (3o + 8,2) (a + 3, 1) (0,1) 



(a,0) 


• 1 

(3a + 9, 2). 










(1,0) 



(1,0) 



while Step 2 provides 
(a; 2a + 4,1) j 

(2a; 2a + 4, 1) 



(a - 1; 2a + 4, 1) k 



(1; 2a + 4,1) (1; 6a + 16, 4) (l;a + 3, 1 




(l;3a + 9,2) 



(4; 2a + 4,1) 



(2; 2a + 4,1) i 
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Example 9.3.5. The procedure (|9.3.2p has a natural generahzation for certain 
suspensions. E.g., consider f{x, y, z) — x™-'^y^'^ + z"*, g{x, y,z) — x + y + z, hence 
f'{x,y) — x*'?;*", and g' — x + y. By Step 1 the dual graph of the minimal 
good embedded resolution of the plain curve singularity {f'g' = 0} C (C^,0) (and 
'double-multiplicity' weights as above) is 

(dn,0) (d(n + m),l) {dm,Q) 



(0,1) 

Finally, by Step 2, a possible graph Tc of (/, 5) is: 

(l;d(n + m),l) 



{dn; d{n + m), 1 
(d(n- l);d(n + m),l) 
(2d;d(n + m),l) 
(d; ci(n + m), 1) 




(i;0,i) 



(dm; d(n + m), 1) 
(d(m — 1); d(n + m), 1) 
(2d; d(n + m),l) 
(d; d(n + m), 1) 



where in the middle column there are d vertices. 
For another suspension case, see (|ll.l.ip . 
9.4. The Ta,* * family. 

9.4.1. The ra_oo,oo— family. Let f — x"" + xyz and set g — x + y + z. 
If a — 2k + 1, k > 1, then a possible universal graph is: 



(l;2fc-l,l) 



(l;2fc+l,l) 



(1;5,1) (1;3,1) 

2\(i;3,i) 



(i;0,i) 




i;0,i) 



(l;2fc-l,l) 



(1;5,1) (1;3,1) 



(i;0,i) 



Above, all unmarked edges have weight 1. 

The resolution process was started by a blow-up at the origin. Since / = 
j^2fe+i _|_ _ j,(^j,2k _|_ y^-j^ there is only one singularity remaining, of the form 



{t 



2k-2 



= 0}. It is resolved by a series of blow-ups at infinitely near points. 



resulting in the above graph. 



42 V. EXAMPLES FOR Tc 

When a = 3 (homogeneous case) a single blow-up at the origin suffices and we 



get 



(i;0,i) 



(i;0,i) 



(i;3,i) 




(i;0,i) 



Set now a = 2k, k > 2. The same strategy for the resolution as above can 
be followed. However, when the strict transform of / becomes smooth, it is not 
in normal crossing with the exceptional divisors. Additional two blow-ups along 
singular axes lead to the fohowing universal graph: 



(l;2fc,l) (l;2fc-3,l) 



(1;5,1) (1;3,1) 




(i;0,i) 



(i;0,i) 



(1; 2k, 1) (1; 2k - 3, 1) (1; 5, 1) (1; 3, 1)^^ ^^. ^^ 



(Ah unmarked edges have weight 1, as before.) 
Finally, in case a = 4 the previous resolution 'strategy' leads to 

(1;4,1) (1;4,1) 

ri;3,l) (1;0,1) 



(i;0,i) 
(i;0,i) 




(1;4,1) (1;4,1) 



9.4.2. The ra,2,cx3— family (again). Set f{x,y,z) — x"' +xyz. 

The cases a = 3 and a — 5 (with g — z) already were considered in |48| . where 
Tc was obtained using alternative/ ad hoc resolution. The graphs Tc thus obtained 
will serve as clarifying examples for several geometric discussions in this work as 
well. Their graphs are the following: 

Example 9.4.3. If / = a;^ -I- -I- xyz and g — z then a possible Tc is: 
(3; 0,1) (3; 6,1) 



(i;6,i) 




(1;0,1) 



(2; 0,1) (2; 6,1) 



Example 9.4.4. If / = a;^ + + xyz and g — z then a possible Tq is: 
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(i;4,i) 



(2; 0,1) 




(i;0,i) 



(i;4,i) 

The general case (i.e. arbitrary a > 3), with g — x + y + z, is clarified in (|9.3.3p . 
(Notice that in the above two examples and in l|9.3.3p we used different g's and 
different sequences of blow ups; in particular, the output graphs are also different.) 

§ 10. Homogeneous singularities 

10.1. The general case. Assume that / is a homogeneous polynomial of 
degree d, and we choose 5 to be a generic Hnear function (with respect to /). 

Let C c CP^ be the projective plane curve {/ = 0}. We show that a possible 
graph Fc can easily be determined from the combinatorics of the components of C 
and the topological types of its local singularities. 

Let C = UasaCa be the irreducible decomposition of C, and set d\ :— deg(CA) 
(hence J2x — d). Furthermore, let g\ be the genus of (the normalization of) C\. 

Let {Pj}j^u be the set of singular points of C. (Following notations of l|3.2p . 
n = {!,..., s}). Assume that the local irreducible components of {C,Pj) are 
{Cj^i, Pj)i^i- . Clearly, there is an 'identification map' of global/local components 
c : Uj/j — > A which sends the index of a local component Cj,i into the index A 
whenever Cj^i C C\. 

Let Tj be the minimal embedded resolution graph of the local plane curve 
singularity (C,Pj) C {C^,Pj). (This is the same as G(TSj) of ((8A2l) .) It has \Ij\ 
arrowheads (each with multiplicity (1)). 

Proposition 10.1.1. A possible Tc is constructed from the dual graphs {Fjjjgn 
and |A| additional non-arrowhead vertex as follows: 

First, for each A S A put a non-arrowhead vertex v\ in Tq and decorate it with 
(l;(i, 1) and [g\\. Moreover, put d\ edges supported by v\, each of them decorated 
by 1 and supporting an arrowhead weighted by (1;0, 1). 

Then, consider each graph Tj , keep its shape, but replace the decoration of each 
non-arrowhead with multiplicity (m) by the new decoration (m;d, 1), and decorate 
all edges by 2. Furthermore, each arrowhead of Tj , corresponding to the local com- 
ponent Cj^i, is identified with fc(j,i). 

Proof. One performs the following sequence of blow ups. First one blows up 
the origin of C'^. This creates an exceptional divisor E — CP^ which intersects the 
strict transform St{Vf) of Vf along C . Moreover, the strict transform of the generic 
linear function intersects the strict transform of each irreducible component V{f)x 
in d\ discs. 

The singular part of St{Vf) consists of discs meeting E in the singular points 
Pj of C. Then we blow up these infinitely near discs following the blowing up 
procedure of the corresponding plane curve singularity (such as in the cylinder 
case). □ 

Remark 10.1.2. Notice that if a local graph Tj is a double-arrow (representing 
a local singularity of type A{) and both local irreducible components sit on the same 
global component C\, then by the above procedure the double arrow transforms 
into a loop supported on v\ decorated by 2. If the two local irreducible components 
sit on two different global components, then it becomes a 2-edge. In both cases, 
the corresponding edge will not satisfy Assumption A l|7.3p . 
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Nevertheless, if we consider embedded resolution graphs Tj with at least one 
non-arrowhead vertex (e.g. the graphs oiAi singularities will have one (— l)-vertex), 
then the graph Tc obtained in this way will satisfy Assumption A (and will be 
related with the previous one by the moves of l|7.3p ). 



Example 10.1.3. If / = z'* 



xy 



d-l 



with d > 3, then Tc is the following: 



(d;d,i) 



^-^d,l) {d{d-l);d,l) {d{d~2);d,l) 

(i;0,i)>^^ 

(d-l;d,l) 

where there are d arrowheads, and all the edges connecting non-arrowheads have 
decoration 2. 

Example 10.1.4. Assumeth&t f = x'^y'^ + y'^z'^ + z'^x'^-2xyz{x + y + z). Then 
C is an irreducible rational curve with three A2 singularities. Therefore, Tc is: 




where - P" 



IS 



(6; 4,1) 



(3; 4,1) 



(2; 4,1) 



Example 10.1.5. Let J = x"^ + y'^ + xyz"^ ^, where d > 3. Then (a possible) 
Tc (which does not satisfy Assumption A) is: 



(1;0,1) ^(l;d,l) 



(1;0,1) -^r£!(£L 

^ 2 




{d arrowheads) 



3) 



Its modification (cf. (|7.3p and l|10.1.2p ) which satisfies Assumption A is: 
(1;0,1) ^(l;d,l) . . 2 




(2;d,l) 



{d arrowheads) 



(1;0,1) ^r d(d-3) 
^ 2 



Remark 10.1.6. Consider a Zariski pair (d,C2). This means that the two 
irreducible projective curves Ci and C2 have the same degree and the topological 
type of their local singularities are the same, while their embeddings in the projective 
plane are topologically different. Then the two graphs Tc{Ci) and Tc{C2) provided 
by the above algorithm will be the same. In particular, any invariant derived from 
Tc (e.g., invariants of dF) will not differentiate Zariski pairs. 

10.2. Line arrangements. A special case of (|10.ip is the case of line ar- 
rangements in CP^, when each connected component of C is a line. For such an 
arrangement, let {LaIasA be the set of lines, and {Pj}j^n the set of intersection 
points. Write |A| = d, and for each j set nij := #{La : Lx 3 Pj}. Then Tc can be 
constructed as follows: 

For each A € A put a non-arrowhead vertex vx with weight {l;d,l). For each 
j G n put a non-arrowhead vertex vj with weight {mj;d, 1). Join the vertices vx 
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and Vj with a 2-edge whenever Pj S L\. Finally, put on each vertex v\ an edge 
with decoration 1, which supports an arrowhead with weight (1; 0, 1). 

Notice that Vj is connected with rrij vertices of type v\ . Clearly, Vj corresponds 
to the exceptional divisor obtained by blowing up an intersection point of rrij lines. 
(Notice that if in the special case of nij = 2 — i.e. when Pj sits only on and 

— ) this blow up is imposed by Assumption A, cf. I|7.3p . Nevertheless, if we 
wish to neglect Assumption A, then this vertex Vj can be deleted together with the 
two adjacent edges, and one can put only one 2-edge connecting with v\^). 

Example 10.2.1. In the case of the arrangement / = xyz{x~y){y—z){z—x), 
the two graphs Tc (satisfying Assumption A or not) are: 




where in the left hand graph the four left-vertices are weighted by (3; 6, 1), the next 
six by (1; 6, 1), the remaining three by (2; 6, 1), and the arrowheads by (1; 0, 1). The 
edges supporting arrowheads are decorated by 1, the others by 2. 

Example 10.2.2. The (simplified) graph Tc (which does not satisfy Assump- 
tion A) for the generic arrangement with d fines consists of d vertices v\, each 
decorated with {l;d,0), each supporting an arrow (1;0, 1), and any pair of non- 
arrowheads is connected by a 2-edge. 

§ 11. Some sporadic cases 

11.1. In this section we fist some additional examples, which wfil be used in 
the sequel in order to exemplify specific questions, problems as part of the theory. 



Example 11.1.1. By similar way, one gets for / 
the following graph Tc'- 



^ 7 

X y - 



and g = x + y + z 



(4; 4,1) < 




(4; 8,1) < 




(12; 8,1). 




(20; 8,1) > 




> (7; 10,1) 


(20; 16,1) > 




' (7; 20, 2) 


(20; 24,1) > 




' (7; 24,1) 



(1;20,2) 



(3;10,lj » 
(3; 20, 2) 
(3; 16,1) 



(28; 24,1) (1;24,1) 



(1;16,1) (12; 16,1) 



(4; 8,1) 
(8; 8,1) 
(8; 12,1) 
(8; 16,1) 



(1;0,1) (1;0,1) 



Example 11.1.2. Assume that / — x'^y'^ + z'^{x + y) and take g — x + y + z. 
Then a possible Tc is: 



V. EXAMPLES FOR Tc 

(2; 8, 2) 




;8,2) (1;12,4) (1;3,1) 
(2; 8, 2) (1;0,1) 



Example 11.1.3. Assume that f = y^ + {x'^ - z^)^ and g = z. Then a possible 
is: 



(3; 9,1) ♦ 
(6; 9,1) 
(6; 12,1) 



(2; 8,1) 
(2; 12,1) 



(2; 8,1) 
(2; 12,1) 



(1;24,3) 



(1;12,1) (1;18,2) 

(1;12,2) 

(1;12,3) 



(3; 9,1) 
(6; 9,1) 
(6; 12,1) 



(1;18,2) (1;12,1) 



(i;0,i) 



CHAPTER VI 



Plumbing graphs from Tc 

§ 12. The Main Algorithm 

12.1. The goal of the section. The algorithm presented in this section pro- 
vides the plumbing representations of the 3-manifolds dF, diF and d2F, and the 
multipHcity systems of the open book decomposition of {dF, Vg) and the generalized 
Milnor fibrations dF \Vg, diF\Vg and d2F over induced by arg(g). 

12.1.1. Assumptions. In l|7.3p we imposed Assumption A for Tc, which can 
always be realized by an additional blow up. Although in the Main Algorithm l|12.3p 
of the next section it is irrelevant, in the geometric interpretations (|8.2p - (|8.3p - (|8.4p 
it simplified (unified) the presentation substantially. 

In the next paragraph we introduce another restriction, Assumption B. This 
plays a relevant role in the formulation of algorithm and in its proof as well. Nev- 
ertheless, this also will be removed later in section [§ 14| 

12.1.2. Assumption B. In sections |§ 12| and |§ 13| we will assume that Tc has 
no edge of weight 2 (regardless of type of the end-vertices) such that the middle 
weights of the end- vertices of that edge are zero. In the sequel, we call such an edge 
^vanishing 2-edge'. Their absence can be assumed, since if Tq has such a 2-edge e: 



(rn;0,iy) (m';0,i^) 
2 , 

V V 

then the embedded resolution r (from (|7.1.ip ) modified by an additional blow-up 
with centre p G Ct, n Cv' , provides a new graph where e is replaced by 

(m; 0, i^) (m]m + m',i') (m' ; m -\- m' , v) (m';0, i^) 



(In the figures above the vertices v and v' might either be arrowheads or not. In 
the case of non-arrowheads, they might have genus decorations as well. ) 



12.2. Terminology — 'legs' and 'stars'. In the description of the algorithm 
we use the following expressions. 

Fix a non-arrowhead vertex v of Tc with weights (rn;n, z/) and [g]. Then v 
determines a 'star' in Tc, which intuitively keeps track of all the edges adjacent to 
V along with their decorations and the weights {k; I, v) of the vertex at the other 
end of the edges, but disregards the type of these vertices. The aim is to unify 
the different cases represented by loops and edges connecting non-arrowheads or 
arrowheads. In order to define it precisely, we start as follows. 

A leg supported by the vertex v has the form: 
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{■m;n,u) {k]l,fi) 
[9] ^ 

V 

where x £ {1,2} and the decorations satisfy the same compatibility conditions as 
the edges in l|7.2.ip . Then, a star, by definition, consists of a vertex v (together 
with its decorations) and a collection of legs supported by v. 

Once Tc and v are fixed, the star of v in Tc is constructed as follows: Its 
'center' will have the decorations (m; n, v) and [g] of the vertex v. Furthermore, 
any edge with decoration x, with end-vertices v and v' (where v' ^ u, and v' is 
either an arrowhead or not) provides a leg with decorations x and the weight (the 
ordered triple) of v' . (In particular, if v' is a non-arrowhead, and it is connected 
to V by more than one edge, then each edge contributes a leg.) Moreover, any 
loop supported by v and weighted by x, provides two legs supported by w, both 
decorated by the same x and (their 'free ends' by) (fc; I, ji) — (m; n, v). 

(One has the following geometrical interpretation: regard Tq as the dual graph 
of the curve configuration C, and let v correspond to the component C. Then the 
legs of the star of v correspond to the inverse images of the double points of C 
sitting on C by the normalization map C"^"™ — > C.) 



12.3. The Main Algorithm: the construction of the plumbing graph 

of 9F. Recall that in this section we assume that the graph Tc satisfies Assumption 
B. First, we construct the plumbing graph of the open book of dF with binding 
Vg and fibration aig{g) : dF\ Vg (cf. (|4.2.ip ). Hence, we have to determine 

the shape of the graph together with its arrows, and endow it by the genus and 
Euler number decorations and a multiplicity system (cf. I|5.1.4p ). The graph will 
be determined as a covering graph G of Fc, modified with strings, cf. i|6.ip - i|6.2p . 
In order to do this, we have to provide the covering data of the graph-covering (cf. 
(16X21) 1. 

12.3.1. Step 1. — The covering data of the vertices {nv}vev{rc)- 

Case 1. Consider a non-arrowhead vertex w of Tc decorated by {m;n,v) and 
[(?]. (In fact, by i|8.3.2p . 5 = whenever m > 1.) Consider its star (see (|12.2p ) 



(m; ni, z^i) -. „ ^„^(mi;n,z/) 




Let s (respectively t) be the number of legs weighted by a; = 1 (respectively by 
X = 2). Then, in the covering procedure, above the vertex w of Fc put ttu, non- 
arrowhead vertices, where 

(12.3.2) = gcd(m,n,ni, ...,ns,m-i, ■■■,rnt). 

Furthermore, put on each of these non-arrowhead vertices the same 'multiplicity' 
decoration (m), where 

mv 

(12.3.3) TO 



;cd(TO, n) ' 

and the genus decoration [17^,] determined by the formula: 
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(12.3.4) • (2 - 2g'^) = {2 - 2g - s - t) ■ gcd{m, n) 

s t 

+ gcd(m, n,ni) + gcd(TO, n, rrij). 

(In Step 3, the Euler-number of each vertex will also be provided.) 

Case 2. Consider an arrowhead vertex w (i.e. — ^(1;0, 1) of Fc . Above the vertex 
V, in the covering graph G, put exactly one arrowhead vertex; i.e. set n„ = 1. Let 
the 'multipHcity' of this arrowhead be 1. In particular, all the arrowheads of G are: 

-(1) • 

12.3.5. Step 2. — The covering data of edges {ne}ee£(rc) *he types 
of the inserted strings. 

Case 1. Consider an edge e in Fc, with decoration 1 (cf. 17. 2p : 

[g] W] 

Vl V2 

Define: 

He = gcd(m,n, /). 
Notice that Step 1 guarantees that both xi-u^ and xiy^ divide rig. 

Then, above the edge e insert (cyclically) in G exactly rie strings of type 

n I m 



Str 



n. xif, n„ 



i^, A;0 



If the edge e is a loop (i.e. if fi = V2), then the procedure is the same with the 
only modification that the end-vertices of the rig strings are identified (cyclically) 
with the xiy^ vertices above vi, hence they will form 1-cycles in the graph. (In other 
words, on each vertex above vi one puts ne/n^i 'closed' strings.) 

If the right vertex V2 is replaced by an arrowhead, i.e. the edge e is 

• (i;0,i) 

[9] 

then complete the same procedure as above with m = 1 and rig = 1: above such 
an edge e put a single edge decorated by + (which supports that arrowhead of G 
which covers the corresponding arrowhead of Fc). 

Case 2. Consider an edge e in Fc, with decoration 2 (cf. 17. 2p : 

{m;n,v) 2 {m';n,v) 
^] [9'] 

Vl V2 

Notice that, by Assumption B l|12.1.2p . n 7^ 0. For such an edge, define: 
(12.3.6) rig = gcd(m, m', n). 

Notice again that both and xiy^ divide rig. 

Then, above the edge e insert (cyclically) in G exactly rig strings of type 

m m' n 
ttg ' ttg ' rig 



Str^ 



0,0: 
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If the edge is a loop, then we modify the procedure as in the case of 1-loops. Notice 
that by Assumption B, there are no 2-edges supporting arrowheads. 

(Also notice that above and above the cutting edges the 'covering degree' 
is always one.) 

12.3.7. Step 3. — Determination of the missing Euler numbers. The 

decorations provided by the first two steps are: the multipHcities of all the vertices, 
all the genera, some of the Euler numbers, and all the sign-decorations of the edges 
(those without have decoration +). Then, finally, the missing Euler numbers are 
determined by formula l|5.1.2p . 

12.4. The output of the algorithm. Corollary of (I6.1.4p . Notice that 
the set of integers {ni,}„gv(rc) ^^'^ {'^e}ee£(rc) satisfy the axioms of a covering 
data. Furthermore, if w G V^{Tc) then m = 1 hence n„ = 1. Moreover, by (|8.3.2p . 
each F^ ^- is a tree. Therefore, by Proposition (|6.1.4p . we get that 

there is only one cyclic graph-covering of Tq with this covering 
data (up to a graph-isomorphism). 

The graphs obtained by the above algorithm l|12.3p . in general, can be simplified 
by the operations of the oriented plumbing calculus (or their inverses) . If we are 
interested only in the output oriented 3-manifold, one can apply this freely without 
any restriction. Nevertheless, if we wish to keep some information from the (ana- 
lytic) construction which provides the graph (e.g., if we wish to apply the results 
of Chapters VII and VIII regarding different horizontal and vertical monodromies) , 
then it is better to apply only the reduced plumbing calculus of oriented 3-manifolds 
(with arrows), cf. I|5.1.10p - I|5.1.12p . This is what we do in this article. 

Nevertheless, even if we rely only on the reduced calculus, during the plumbing 
calculus, some invariants still might change. E.g., the operation R5 modifies the 
sum g{Gr) of the genus decorations and the number c{Gr) of independent 1-cycles 
of a graph Gr. Since, in the sequel in some discussions these numbers will also 
be involved, we will adopt the following notation: we write G, Gi and G2 for the 
graphs obtained by the original algorithm (|12.3p : while the general notation for a 
modified graphs (under the reduced list of operations, cf. I|5.1.7p ) is G™, G™, G™^-. 

Theorem 12.4.1. The oriented 3-manifold dF and the link Vg n OF in it can 
be represented by an (oriented) plumbing graph (see ^5.1]) for the terminology) . 

More precisely, let {f,g) as in J^. j[ ). Then, the decorated graph G constructed 
in \12.3\) is a possible plumbing graph of the pair {dF, dF fl Vg), which carries the 
multiplicity system of the open book decomposition aig{g) : dF \ Vg ^ S"^ . If one 
deletes the arrowheads and the multiplicities, one obtains a possible plumbing graph 
of the boundary of the Milnor fiber dF of f . 

The proof of l|12.4.ip will be given in section |§ 13[ Nevertheless, we wish to 
stress here the main geometric idea of the proof. 

If / is an isolated hypersurface singularity, then the link K — VfHS^ is smooth, 
and there exists an orientation preserving diffeomorphism dF « K. Hence, dF can 
be 'localized', i.e. can be represented as a boundary of an arbitrary small repre- 
sentative of a (singular) germ. If that germ is resolved by a modification (whose 
existence is guaranteed by the existence of resolution of singularities) , then K ap- 
pears as the boundary of the exceptional locus, hence automatically one gets a 
plumbing representation for K. Its plumbing data can be read from the combina- 
torics of the exceptional set (and the multiplicity system from the corresponding 
vanishing orders). 

If / is not isolated then K is not smooth, and the above argument does not 
work, and even the fact that dF has any kind of plumbing representation is not 
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automatic at all. Guided by the above case of isolated singularities, definitely, if we 
would be able to 'localize' dF, as a link of a singular germ, then we would be able 
to extend all the theory valid for isolated hypersurfaces (or even for normal surface 
singularities) . This realization is the main point in the proof of (|12.4.ip , but with 
the difference that the germ whose local link is dF is not holomorphic (complex 
analytic), but it is real analytic. One has the following surprising result: 

Proposition 12.4.2. (See flS.S.S]) . ) Let f be a hypersurface singularity with a 
1-dimensional singular locus. Take another germ g such that {f,g) forms an ICIS, 
cf. i^TTp. For a sufficiently large even integer k consider the real analytic germ 

Sk :={ze (C3,0) : f{z)^\g{zt}. 

Then the link of Sk is independent of the choice of g and k, and, in fact, it is 
(orientation preserving) diffeomorphic to dF. 

The proof of l|12.4.ip . in fact, describes (the topology of) a resolution of Sk 
'guided' by Tc, and the algorithm l|12.3p extracts from this the combinatorics of 
the exceptional locus and its tubular neighbourhood. 

Notice that the above proposition is true for k odd too, nevertheless, Sk for 
k even has nicer analytic properties; e.g. if / and g are polynomials, then Sk is 
a real algebraic variety. (Moreover, the above result l|12.4.2p is true for any germ 
/ : (C^jO) (C,0) with 1-dimensional singular locus — the only modification in 
the statement and its proof is the replacement of with C".) 

12.5. The graphs of diF and d2F. The above algorithm, which provides 
OF, is compatible with the decomposition of this space into its parts diF and d2F. 
In this subsection we make this statement more precise. 

12.5.1. The graphs of {Vp°™,gon) and diF. Repeat the steps 1 and 2 
from the Main Algorithm (|12.3p . but only for the vertices and edges sitting in 
(including the cutting edges too) . Replace each cutting edge by an edge (connected 
to Vi e V(r^)) supporting an arrowhead with multiplicity (0). In this way we get a 
graph with all the multiplicities determined (and in fact, with all edge-decorations 
+). Calculate the Euler numbers by (|5.1.2p . This graph will be denoted by Gi. 

(Notice that in the two graphs G and Gi, the corresponding Euler numbers 
of the end-vertex vi of a cutting edge are not the same; the other Euler numbers 
evidently coincide.) 

Theorem 12.5.2. Gi is a possible embedded resolution graph of {Vp°™\ g o n) , 
where the arrows with multiplicity (0) represent the link-components determined by 
the strict transforms of Sing{Vf). If we delete these 0-multiplicity arrows, we get 
a possible embedded resolution graph of (Vp°™,g o n). Furthermore, if we delete 
all the arrowheads and all the multiplicities, we get a possible resolution graph of 
the normalization of vp"™ . 

If in Gi we replace the 0-multiplicity arrows by dash-arrows we get the plumbing 
representation of the pair {diF, Vg C\dF), where the remaining arrows represent the 
link Vg n dF , and the multiplicities are the multiplicities of the local trivial fibration 
argig) : diF \ Vg ^ . In particular, if we delete all these remaining non-dash- 
arrows and all the multiplicities too, we get the plumbing graph of the 3-manifold 
with boundary diF . 

If we replace in Gi all the arrows by dash-arrows and we delete the multiplici- 
ties, we get the plumbing graph of the manifold with boundary diF \ T°(Vg). 

12.5.3. The graph of d2F. Let G2 be the graph obtained from G as fol- 
lows. Delete all vertices and edges of G sitting above the vertices and edges 
of r^, and replace the (unique) string above any cutting edge by a dash-arrow 
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(putting no multiplicity-decoration on it). Obviously, G2 has s connected compo- 
nents {G2j}i<j<s', G2,j being related with Sj (cf. I|8.3p ). 

Theorem 12.5.4. For each j — 1, . . . , s, G2,j is a possible plumbing graph for 
the 3-manifold with boundary d2jF, where the set of multiplicities consists of the 
multiplicity system associated with the fibration B.vg{g) : 82, jF . If we delete all 
the multiplicities, we get a plumbing graph of the 3-manifold with boundary d2,jF . 

Remark 12.5.5. From the plumbing graphs of diF and d2F it is impossible 
to recover the graph of 9F, since the gluing information (an automorphism of the 
gluing tori) cannot be read from the partial information contained in the graphs 
of diF and d2F. (See e.g. the next examples (|12.5.8p and (|12.5.9p .) This gluing 
information is exactly one of the main advantages of the graph Tq and of the main 
algorithm, which provides the full dF. 

Remark 12.5.6. In fact, on G2,j one can put even more information/decoration 
inherited from G. If one introduces a 'canonical' framing (closed simple curve) of the 
boundary components of d2jF, then one can define a well-defined multiplicity of 
the dash-arrows as well (inherited from G) . Usually, such an information is needed 
when one wishes to glue two manifolds with (several tori boundary components) 
along their boundaries: this information is part of the gluing data. Since here we 
have the complete description of OF (namely, the 3-manifold, which might be the 
aim of the gluing), we will not consider framed boundaries. But, definitely, the 
interested reader might consider and add to the picture these data as well. 

12.5.7. The gluing tori. Each connected component d2jF {j — 1, . . . , s) is 
glued to diF along dd2jF, which is a union of tori. Since for each cutting edge e 
one has vie — 1 (i.e. in the main algorithm one inserts exactly one string above e), 
the number of these tori is exactly the cardinality of Scutj, the number of cutting 
edges adjacent to ^c,j- 

Let e be such a cutting edge, and we will use the notations of l|8.4p regarding this 
edge. Let be the torus component oid{d2jF) corresponding to e. Furthermore, 
consider the fibration Tg Lj from l|3.3.ip . Then the fiber of this projection 
consists of d{e) circles, the corresponding orbit of the (permutation) action of m'^^^^^ 
on dF'j. (Recall that m'-^^^^ acts on trivially, cf. l(5XT|) ([2|).) 

These gluing tori appear in the link K of Vf as well. Indeed, consider Lj = 
K n as in p.ip . Let T{Lj) a tubular neighbourhood of Lj in as in l|3.3p . 
Then dT{Lj) intersects K in #£cutj tori, which can be identified by the gluing tori 
of OF, see also ^X^. 

Example 12.5.8. Assume that / = +y'^ +xyz and g = z as in (|9.4.3p . Then 
the output of the Main Algorithm is the following graph G: 



1 




1 



1 



(and all the multiplicities are (1)). 



1 



1 



There is only one non-arrowhead vertex in G with multiplicity 1. Therefore, one 
has the following graphs for (vp"™, g o n), diF \ T{Vg), and diF: 
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Gi (T//°™,<?on) d,F\TiVg) d^F 

Moreover, by plumbing calculus, the graph oid2F is also the double dash-arrow 
" " . Notice that both parts diF and d2F are extremely simple 3-manifolds 
with boundary (namely, x x [0,1]); the main information in dF is exactly 
how these parts are glued. By calculus starting from G, dF is represented by the 
graph: 




The multiplicity system of the open book decomposition {dF,Vg) is given by: 




Example 12.5.9. Assume that / = x'^y + and g = x + y, cf. (|9.3.ip . Then, 
by the main algorithm and plumbing calculus we get that the (minimal) plumbing 
graph of dF consists of a unique vertex with genus zero and Euler number —4, i.e. 
dF is the lens space L(4, 1). Moreover, 

4 

(1) .--^ 




Gi (F/°''™,gon) d^F 

and 



d.F 




Notice that for the unique cutting 2-edge e in (|9.3.ip one has d\ — \, hence v = 
d{e) — 2. Therefore, although the transversal singularity has two local irreducible 
components, diF and d2F are glued by only one torus. The point is that the 
transversal type is Ai, and the two local irreducible components of the transversal 
type are permuted by the vertical monodromy, see (|8.4p and (|12.5.7p (and compare 
also with the next example and Example (3.1) of |60j ). 

The open book decomposition of {dF, Vg) is given by: 








(0) 



-1 



(2) (1) 



(1) 
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Example 12.5.10. In both cases of (|9.4.3p and l|9.4.4p . the singular locus S 
of Vf is irreducible and consists of the z-coordinate axis. The transversal type 
is an Ai singularity, hence #r(S) = 2. Furthermore, #fc«t,i — 2 and for both 
cutting edges d{e) — 1. Therefore (see l|8.4p and (|12.5.7p ). the action of the vertical 
monodromy does not permute the two local components, and in both cases (|9.4.3p 
and l|9.4.4p . there are two gluing tori. 

On the other hand, it might happen that the two local components of a transver- 
sal Ai singularity are permuted by the vertical monodromy, see e.g. I|12.5.9p . Sim- 
ilarly, in the case of (|11.1.2p . S = Ei U S2, and for both T,j the transversal type 
is Ai, hence ^T(I]j) = 2 {j = 1,2). Moreover, for both j, £cut,j — 1, rfj = 1, and 
d(e) = 2; hence d2jF is glued to diF by exactly one torus. 

Example 12.5.11. Assume that f — x''- + y''- + xyz'^^'^, d> 3. For Tc see the 
second graph of l|10.1.5p (which satisfies Assumption A). In this case S is irreducible 
with transversal type Ai. The gluing data are #£c«t,i = 2 and di = 1. For both 
cutting edges d{e) = 1, hence one has two gluing tori. The graph of dF is: 








Example 12.5.12. For / = x^y"^ - the graph Tc is given in (|ll.l.ip . After 
a computation, we get for G™ the graphs: 



-3 -2 -2 -3 2 4 2 2 




The graph at the left-hand side is the 'normal form' (cf. |18)). Its central vertex 
has self-intersection b = —4, while the eight pairs of normalized Seifert invariants 
{ai,uji), (1 < i < 8), associated with the eight legs, are determined as Hirzebruch 
continued fractions associated with the entries of the corresponding legs: at/uji for 
1 < i < 4 is [2,2,3] = 7/4, while the other four are [3] = 3/1. Recall that the 
orbifold Euler number of the Seifert 3-manifold is defined as e := 5 -I- ^iUJi/ai, 
and the normal form graph is negative definite if and only if e < 0. In this case 
e — 4/21 > 0, hence the graph from the left-hand side is not negative definite. 
(The rational number e is also called 'virtual degree', see [72].) 

Example 12.5.13. For / — x^y"^ + z^{x + y) a. possible graph Tc is given in 
(|11.1.2p . For a possible G™ we get: 




(Notice that for this graph it would be possible to use the MP^-absorption of the 
non-orientable calculus, but we do not do that.) 

Example 12.5.14. Assume that / = + (x^ - z^'f. Then using (|11.1.3p we 
get for G™: 
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[1] 



[1] 



Example 12.5.15. Finally, the next example is a 1-parameter infinite fam- 
ily. In general, in order to treat such a family uniformly for all the values of the 
parameter, one needs some ingenuity, or famiharity with the algorithm (and/or fa- 
miliarity with some other algorithms as well, e.g. with that one which determines 
the resolution graph of cyclic coverings) . 

Here we will exemplify the case of / = x°'y{x^ + y^) + with a > 2. The 
reader may consider this as a model for other infinite families. 

The graph Tq with g — x + y + z is, given in l|9.3.4p . 

Case 1. Assume that a is even. We will determine G is several steps. 

First, the graph Gi can be determined easily (in particular, the normalization 
of Vf is the singularity) : 




Clearly, we have two gluing tori. Let vi and V2 be the vertices of Gi which support 
the (O)-arrows. Next, we wish to determine the multiplicity mi of the vertex v'^ of 
G, which is not in Gi and is a neighbour of vi . For this we have to analyze the 
cutting edge with weights (a; 2a + 4, 1) and (1; 2a -I- 4, 1). By (|5.2.ip . mi satisfies 
a-\-X = mi (2a -I- 4) for some A with < A < 2a -I- 4. Hence mi = 1. In G the vertex 
v'l is glued to vi by a 0-edge, hence the Euler number of wi in G is — 1. 

Finally, we analyze the graph . Its shape and the first entries of the weights of 
the vertices coincide with the minimal embedded resolution graph of the (transversal 
type) plane curve singularity -t-w", provided that we replace vi and by arrow- 
heads with multiplicity 1 (see (|8.3.2p too) . Comparing the main algorithm and the 
algorithm which provides the graph of suspension singularities (cf. |42j l. we realize 
that the part of G above is exactly the resolution graph of v? ^-v"" + = 

with opposite orientation. More precisely, let 




be the minimal embedded resolution graph of the germ w : ({u^ + v"" -\- = 
0},0) (C, 0), induced by the projection (u,w,w) 1-^ w. Let — F be this graph 
with opposite orientation (in which one changes the sign of all Euler numbers and 
edge-decorations, and keeps the multiplicities). Then the graph of the open book 
decomposition of {dF,Vg) is obtained by gluing — F with Gi such that the arrows 
of — F are identified with vi and W2: 
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(2) 



(1) 



(1) 



This graph has a cycle. Moreover, F is a star-shaped graph whose central ver- 
tex has genus ^'^'^'-^'^^ — 1. The determination of T is standard (see |44| or |52)). 



Case 2. Assume that a is odd, a > 3. We proceed as above. The graph Gi is the 
following: 



(1) 



(4) 



-4 


-1 




-( 




-2( 


'(2) 






(0) 



There is only one gluing torus. Let v be the (— 4)-vertex, and v' its adjacent vertex 
of G which is not in Gi. Then the multiplicity of v' is again 1. Hence, the Euler 
number of w in G is —3. Therefore, the graph of {dF,Vg) is 





e 


(4) 


(1 


-r 


-3 


-1 




-t 






-2( 


'(2) 






where T is the minimal embedded resolution graph of the germ w : {{i 



,,2a+4 _ 



0},0) (C,0), as above (and the unique arrow-head of — F is identified 



with the (— 3)-vertex). Note that dF is a rational homology sphere. 



§ 13. Proof of the Main Algorithm 

13.1. Preliminary (historical) remarks. The algorithm (and its proof) is 
a highly generalized version of the algorithm which determines the resolution graph 
of cyclic coverings. Its origin goes back to the case of suspensions: there one 
determines the resolution graph of the hypersurface singularity {f'{x, y) + z" = 
0} from the embedded resolution graph of /' and the integer n (where /' is an 
isolated plane curve singularity). For this algorithm see [42] (for older treatments 
of particular cases see also } 28L I50|, I52|, [3]). The general case of cyclic coverings 
is given in [44j . The aim of this article is to compute the resolution graph of 
the normalization of {{x,z) e (^,0) x (C,0) : f{x) = z"}, where (-'^, 0) is a 
normal complex surface singularity and / : {X, 0) (C, 0) is a complex analytic 
isolated germ. All the geometrical constructions behind these algorithms, targeting 
cyclic coverings, are reaHzed within the framework of the complex analytic/algebraic 
geometry; in particular, all the graphs involved are negative definite graphs (and 
the plumbing calculus reduces to blowing up/down (— l)-rational curves). (Recall 
also that for normal surface singularities the resolution graph is a possible plumbing 
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graph for the hnk, which is diffeomorphic with the boundary of the Milnor fiber of 
any smoothing.) 

The first case when a more comphcated 'aid-graph' was used in a construction 
is in |48| . Here the starting situation was the following: having a germ / with 
1-dimensional singular locus, and another germ g such that the pair (/, g) forms an 
ICIS, one wished to determine the resolution graph of the hypersurface singularities 
of type / + g", n 0, (members of the so-called 'generalized lomdin series'). In 
[loc.cit.], in order to find this ('usual', i.e. negative definite) graph, all the necessary 
information about the ICIS (/, g) was stored in the 'non-usual' decorations of the 
'non-usual' graph Tc- 

This construction serves as a model for the present proof as well. We will 
start again with the very same graph Tq, but rather significant differences will 
appear. Although, in [loc.cit.], all the procedure was within realm the complex 
analytic geometry (similarly as in the case of cycHc coverings), the present case 
grows out of the complex analytic world: we glue together real analytic spaces with 
singularities (sometimes with gluing maps which reverse the 'canonical' orientations 
of the regular parts). This generates some additional difficulties, which should be 
handled during the proof. The output plumbing graphs will be 'general plumbing 
graphs' (which may not be definite, or not even non-degenerate), and we have to 
consider a larger set of moves of the C°° plumbing calculus (not really standard in 
algebraic geometry) in order to simplify them (and to reduce them to their 'normal 
forms'). 

The explanation of the fact /idea that the graph Tc contains all the information 
needed to describe dF is given in l|8.5p . In fact, this is the main starting point of 
the whole construction. In the next subsection, we will stress again this point and 
we outline the main steps of the proof. 

13.2. The guiding principle and the outline of the proof. Consider an 
ICIS $ = (/,5) as in gll, an embedded resolution r : V'^^ (€^,0) of the 
divisor V/ U Vg as in (|7.1.ip . and a 'wedge' W^^m of Ai for some M >• as in l|8.5p . 

If one has a complex analytic isolated singularity (5,0) C (C^,0) for which 
$(5) \ {0} C y^n.M then one can construct a resolution of S in three steps. 

First, consider the strict transform S C V'^"^'^ of S (by r). It sits in a tubular 
neighbourhood of C (cf. (|8.5.ip ). and its singular locus sits in C. Then this can 
be resolved in two further steps: first taking the normaHzation S"'°™ of 5, then 
resolving the isolated normal surface singularities of S"°™ . The point is that if S 
is determined by / and g, then S has some nice local equations near any point of 
C (which can be recovered from the decorations of Tc). E.g., S is an equisingular 
family of curves along the regular part of C; in particular, the singular locus of 
gnorm ^jjj ^j^g doublc points of C. Moreover, all these singular points will 

be of Hirzebruch-Jung type. In particular, the last step is the resolution of these 
HJ-singularities (whose combinatorial data again is codified in Tq). Summing up 
we get the diagram: 



n n 

yemb (C3,0) 

According to the above, we have the following steps at the level of graphs: 

• start with the graph Tq (which stores all the local information about 5); 

• provide a cyclic covering-graph (in the sense of |§ 6P corresponding to the 
normalization step; 

• modify this graph by 'Hirzebruch-Jung strings' (see 'variation' (|6.2p ). 



S 
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A key additional argument is a consequence of Theorem (|6.1.4p , which guaran- 
tees the uniqueness of the cycHc covering graph (and the inserted strings) . 

It is exactly this guiding principle that was used in [48] to determine the res- 
olution graph (equivalently, the plumbing graph of the link) of any member of the 
generalized lomdin-series S = {f + g"^ = 0} (n ^ 0). 

Now we want to obtain the plumbing-graph of the boundary OF of the Milnor 
fibre of a non-isolated /. We show in l|13.3.3p that OF is the boundary (Hnk) of 
the real analytic germ 

Sk^if =191"} C{C\0), 

and ^{Sk) \ {0} C \N,j.m, provided that fc 0. Hence, we will run the same 
algorithm (with some modifications) in the world of real analytic geometry. 

A final remark: the Euler number of an S^-bundle over a curve is a 'global 
object', its computation in a resolution can be rather involved (one needs more 
charts and gluing information connecting them). Therefore, we will determine 
the Euler numbers of our graphs by an indirect way: we consider the open book 
decomposition (induced by g) and determine the associated multiplicity system 
(this can easily be determined from local data!), then we apply l|5.1.2p . 

13.3. The first step. The real varieties Sk. We fix a pair $ — {f,g) as in 
(|4.ip . and we use all the notations and results of that section. In particular, we fix 
a good representative of <& whose discriminant is A$. Similarly as above, we write 
(c,c?) for the coordinates of (C^,0). 

For any even integer k (see also l|13.3.2p for more comments) we set 

Zk:={{c,d)e{<C\Q) : c=\d\''}. 

The next lemma is elementary and its proof is left to the reader. 

Lemma 13.3.1. is a C°° real analytic (even algebraic) surface. Fork suffi- 
ciently large Zk n A$ = {0}. In fact, Zk \ {0} C W^,m if k > M . 

Remark 13.3.2. As mentioned before, all the important facts regarding Zk 
(and the space Sk which will be defined next) are valid for k odd too (recall that 
the classification of oriented 2- and 3-dimensional topological manifolds agrees 
with the classification of C°° ones) ; nevertheless it is more convenient to use even 
integers k, since for them \d\'^ becomes real algebraic. In fact, later we will impose 
even more divisibility assumptions for k. 

The point is that k has only an auxiliary role and carries no geometric meaning 
(e.g., it will not appear in any 'final' formula of dF), hence its value (as soon as it 
is sufficiently large) is completely unimportant. 

Next, define the real analytic variety Sk of real dimension 4 by 

5, :=$-l(Zfe) = {ze(C^O) : f{z)^\g{zt}. 

Lemma 13.3.3. Fork sufficiently large, the real variety Sk\{0} is regular, hence 
it is a C°° oriented ^^dimensional manifold. Moreover, for e > sufficiently small, 
the sphere intersects Sk transversally. The intersection Sk H 5'^ is an oriented 
3-manifold, which is diffeomorphic (by an orientation preserving diffeomorphism) 
to dF. In particular, the link of Sk (i.e. Skf^S^) is independent of the choice ofk. 

Proof. The first sentence follows from (|13.3.ip and from the properties of the 
ICIS $ (or by a computation). The second one is standard, using e.g. the 'curve 
selection lemma', see [38]. Next, we will prove the diffeomorphism Sk C] ~ dF. 

First recall that in most of the topological arguments regarding the Milnor 
fiber of /, the sphere — dB^ can be replaced by (the 5-manifold with corners) 
a($-i(£)2)nB,), the Milnor fiber F = {/ = (5}nB, by F° := {/ = (5} n $-1(1)2) n 
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Be, or the boundary dF by the boundary (with corners) dF°. For details, see 
e-g- |31) . see also l|4.1.ip . By a similar argument one shows the equivalence of 
$-i(Zfe) n with := $"H^fe n D^) n B,, and $"H^fc) n 5f with the 3- 
manifold with corners dS^. Hence, we need only to show the equivalence of dF° 
and dS^. 

Consider the intersection ZkHdD^, i.e., the solution of the system {|cp + |(ip = 
T]^; c = \d\''}. It is a circle along which c is constant; let this value of c (determined 
by T] and k) be denoted by cq. Set (as in l|4.ip ) Dc^ — {c = co} C] D^. Then 

(13.3.4) dD,,=diZknDl), 

and dF° = d{^^^{Dco)) has a decomposition: 

dF° ^ <i>-\dD,,) n B, U <^-\D,,)ns!. 

$-i(ar>,o)nSf 

Via (|13.3.4p . dS^ has a decomposition 

ds°k = ^-\dD,,) n B, U $-i(ZfenB2)n55. 

$-i(S-Dco)nS5 

Notice that there is an isotopy of Df^, preserving dD^, which sends Dc^ into Zk^Dfj. 
Since the restriction of <& on ^~^{D'f^)r\S^ is a trivial fibration over D^, this isotopy 
can be lifted. This identifies the pairs 

□ 

13.4. The strict transform Sk of Sk via r. Consider the resolution r : 
yemb ^ jj as in (|7.1.ip . Let Sk be the strict transform of Sk by r, i.e. 5fc is the 
closure (in eucleidian topology) of r^^[Sk \ {0}). 

Lemma 13.4.1. 

Skr^r-\Q) = c. 

Proof. The proof is similar to the proof of l|8.5.ip (see [481 (5-5)] for its 
source), and it is left to the reader. □ 

Since the restriction of r induces a diffeomorphism Sk\C ^ Sk \ {0}, we get 
that the singular locus of Sk satisfies 

Sing{Sk) C C. 

Moreover, r induces a diffeomorphism between dSk (the subject of our interest) and 
dSk- Since Sk can be replaced by its intersection with an arbitrarily small tubular 
neighbourhood of C, the boundary dSk can be locaHzed totally near C. (In fact, this 
is the main advantage of the space Sk , in this way the wanted 3-manifold appears 
as a local link, or, after a resolution, as the boundary of a tubular neighbourhood 
of a curve configuration) . 

Next, we analyze the local equations of Sk in the neighbourhood of any point 
of C For this we use the notations of (|7.2p . In all the cases. Up is a complex 3-ball 
around the point p G C with three complex local coordinates (m, v, w). 

It is convenient to use the following notation. If _ff = {{u,v,w) € Up : 
h{u,v,w) = 0} is a real analytic variety in Up, then we denote by the clo- 
sure of 77 \ {uvw = 0} (in this way we neglect those components of H which sit in 
one of the coordinate planes). Using this notation, the local equations of Sk are as 
follows. 
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If p is a generic point of a component C of C with decoration (m; n, u), then 

(13.4.2) 5fe n C/p = {{u, V, w) : = |^;|'''^}+ = {{u, v, w) : = v'^~''v'^} 

with m, 1/ > 0. If p is an intersection (singular) point of C of type 1 (i.e. if the 
corresponding edge has decoration 1), then 

(13.4.3) SkHUp = {{u,v,w) : u'^v^w^ = |t.|'^'=|u;|^'^'}+ 

with m,v,\> 0. Finally, if p is an intersection (singular) point of C of type 2, then 

(13.4.4) 5fc n C/p = {(u, w, w) : w^w^'u;" = \w\''''}+ 
with m, m', v > 0. 

13.5. Local complex analytic/algebraic models for the points of 5fc. 
Notice that for fc > and for p as in (|13.4.2p - l|13.4.3p - l|13.4.4p . Sk n Up is a real 
algebraic variety. We will show that any such germ is homeomorphic with the germ 
of certain complex algebraic hypersurface. In these computations we will assume 
that fc/2 is multiple of all the integers appearing in the decorations of Fc; more 
precisely: whenever in the next discussion a fraction k/l appears for some /, then 
we will assume that k/l is, in fact, an even integer. 

In the next paragraphs U will denote a local neighbourhood of the origin in C'^ . 

13.5.1. Assume that p is a generic point of C as in l|13.4.2p . Consider the 

map 

i;p : {(x,y,z) e U : x'" y"} ^ {iu,v,w) S Up : u^v^ = \v\'"'}+ 

given by the correspondences 

( u = a;~i|y|'''=/™ ( x ^ u-^\v\''''/"^ 

(13.5.2) } V ^ y I y ^ V 

w — z \^ z = w. 

Then ipp is regular real algebraic (i.e. it extends over a; = too), it is birational 
and a homeomorphism. Moreover, it is a partial normahzation of Sk Ci Up, i.e. 
the coordinates x, y, z of {a;™ = j/"} n U are integral over the regular functions of 
Sk n Up. Indeed, birationality follows from the fact that the second set of equations 
provides the inverse of the first one, regularity follows from a limit computation, or 
by rewriting the first equation into u = x^^\x\'^l'^ . This formula also shows that 
■0P is bijective and a homeomorphism. Moreover, since = w", a; is integral over 
the ring of regular functions of Sk Up (a similar statement for y and z is trivial) . 

In particular, the normalizations of the source and the target of i\)p canonically 
coincide. 

13.5.3. Assume that p is a singular point of C of type 1 as in l|13.4.3p . 

Consider the map 

i}p ■ {(a,/3,7) e U ■ a" =/3"V} {(u,w,w) G Up : u'^v'^w^ = \v\''''\w\^''}+ 
given by 

(13.5.4) } V = P } (3 = V 

y w — '-f y J — w. 

Then, again ifjp is regular real algebraic, birational, and additionally, it is a home- 
omorphism. Moreover, it is a partial normalization of 5^ n Up, i.e. the coordinates 
a, (3,^ are integral over the regular functions of Sk n Up. Indeed, the regularity 
follows from 
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where k ^ and to > 0. Moreover, a is integral over the ring of Sk H Up since 

Hence again, the normahzations of the source and the target of -0^ canonically 
coincide. 

13.5.5. Assume that p is a singular point of C of type 2 as in (|13.4.4p . In 

this case we can prove considerably less (from the analytic point of view) . We will 
consider the map 

V'p : {(a,/3,7) € U : a" =/3™7"'} {{u,v,w) G Up : = 1^;^'=}+ 



given by 

(13.5.6) I V = 

y w — a. 

It is regular real algebraic and an homeomorphism, but it is not birational. 

Notice also that the above maps (in all three cases) preserve the coordinate 
axes. 

13.6. The normalization 8'^°™ of 5fc. 

13.6.1. Let 715 : SJ}°™ — > Sk be the normalization of St; for its existence, see 
[9]. Since the normalization is compatible with restrictions on smaller open sets, we 
get the globally defined SJ!°™ whose restrictions above an open set of type Sk f] Up 
are the normahzation of that Sk n Up. In particular, the local behaviour of the 
normalization SJ^"™ over the different open neighbourhoods Sk H Up can be tested 
in the charts considered in the previous subsections. 

E.g., if p is a generic point of C, and ipp is the 'partial normalization' from 
(|13.5.ip . then it induces an isomorphism of normalizations: 

V'p"™ : {ix,y,z) e U : a;" = y"}™™ — > {{u,v,w) € Up : u^-y" = 

Since the left hand side is smooth, we get that SJ^"™ is smooth over the regular 
points of C, hence after normalization only finitely many singular points will survive 
in SJ!°™, and they are sitting over the double points of C. 

If p is a double point of C of type 1, then tpp from (|13.5.3p induces again 
an isomorphism at the level of normalizations: 

I norm r/ n \ m nn l^norm r/ \ m n I \ \iyk\ lAfcT-f.norm 

Vp ■ {(a,P,7) ■■ a = P } — > {(u,v,w) : u v w = \v\ \w\ }^ 

Hence, after normalization, the singular points above the double points of C of 
type 1 are equivalent with complex analytic singularities of Hirzebruch-Jung type. 
Recall that these singularities are determined completely combinatorially (e.g. by 
the integers m,n,l above), and by the above representations (charts) the needed 
combinatorial data is also recovered from Tc- 

13.6.2. We emphasize that the above two types of charts from (|13.6.ip are 
compatible. By this we mean the following: consider a double point p of C of 
type 1, and a neighbourhood Up as above. Then C H Up is the union of the v 
and w axis. Let g be a generic point oi C H Up and consider a sufficiently smah 
local neighbourhood Uq C Up (where we denote this inclusion by j) and the chart 
tpp over Sk n Up as in i|13.5.ip . respectively over Sk n Uq as in l|13.5.3p . Then 
ipp^ oj o^q is a complex analytic isomorphism (onto its image) which at the level of 
normalization induces an isomorphism of complex analytic smooth germs. Indeed, 
if g is a generic point of the w-axis (with non-zero w-coordinate) and the inclusion 

{iu',v\w') G Uq : (u')"(w')" = IfT''}^ ^ {iu,v,w) : u"?;"u.' = \v\''''\w\^''}+ 
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is given by u = v — v' and w = w' , then ° j °''Pq is given by 

a = xJ'l™' , P = y and 7 = 2. Then the normalizations tautologically coincide. E.g., 
assume gcd(m, n) — 1 and take the free variables (^,7) normalizing {a™ = /3"7'} 
by Q = ^"7'/™, /3 = and 7 = 7. Similarly, consider the free variables (s,^) 
normalizing {x™ = y"} by a; = s", y = s™ and z — z. Then (V'^T^ ° J ° '4'q)"°™ is 
i = s and 7 = 0. 

In particular, the two complex charts ipp°™ and ip1^°™ of f 13. 6.1]) induce the 
same orientation on their images, they identify the strict transform of C by the 
same orientation and induce on a normal slice of C the same orientation (these 
are the key gluing-data for a plumbing construction) . 

13.6.3. On the other hand, if p is a singular point of C of type 2, then 
ijjp from (|13.5.5p will not induce an analytic isomorphism (since itself is not 
birational). In this case, l|13.5.5p impHes that at the level of normaHzations the 
induced map 

: {(a, ^,7) : a" = /3™7'"'}"°™ — > {{u,v,w) : = \^\'^k^+,norm 

is regular and a homeomorphism. Nevertheless, one can prove slightly more: 



Lemma 13.6.4. ip^"™ from fl3.6.3]} induces a diffeomorphism over Up \ {0}. 

Proof. Let p be a double point of C of type 2 as in l|13.5.5p . Then C H Up is 
the union of the u and v axes. Let g be a generic point on the v axis, — the other 
case is completely symmetric. Then q is in the image of the following map 



{{x,y,z)eU'\{z = 0} : = y^z™ } 



{{u, V, w) eUp\{v = 0} : u™w™ w"- = \w\''''}+ 



V — z^^ 



given by the correspondences 
(13.6.5) 

w = X 

Then Lpp^^ is regular on C/p \ {z = 0}, since 

u= |a;r'=/"'-2»y™~iy™|z|2m'^ 

it is birational (its inverse is given by the second set of equations of (|13.6.5p ). and 
it is a partial normalization, since y™ = w"v"^ . Therefore, 

: {(x, y, z) e t/' \ {z - 0} : x" = j^^^™'}"-™ n^\Sk nUp\{v = 0}) 
is an isomorphism. Using this isomorphism, the restriction of ipp°™ from l|13.6.3p . 

: {(a, 7) e C/ \ {7 = 0} : a" = ^m^™'|no™ ^ nUp\{v = 0}) 

can be understood explicitly. Indeed, the map 
(13.6.6) o ^j, : {(a, /?, 7) e (7 \ {7 = 0} : a" = /3™7'"'} ^ 

{(x,y,z)et/'\{z-0} : x" = y™z"'} 

is given by 

{X = a 
y = p\^\^km'/mn 
z = 7|7|~'^'=/". 

We claim that this induces a diffeomorphism at the level of normalization. In order 
to verify this, we make two reductions. First, by a cyclic covering argument, we may 
assume that m' = 1. Second, we will also assume that gcd(m, n) — 1 (otherwise the 
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normalization will have gcd(m,rt) components, and the normalization maps below 
must be modified slightly; the details are left to the reader). We fix two integers a 
and b such that an — bni = 1. Then the left hand side of (|13.6.6p is normalized by 
(t, 7) e (C^, 0) \ {7 = 0}, a = f^-f", (5 = ^"7^ 7 = 7; while the right hand side is 
normalized by (s, z) € (C^, 0) \ = 0}, x = s"^z°' , y = s"'z'' and z = z. Hence, at 
the normalization level 

o ^pr""" ■■ (c^ 0) \ {7 - 0} ^ (c^, 0) \ {z - 0} 

is given by the diffeomorphism 



(13.6.5 



S = f^j^ai^k/mn 

z = 7171^'''=/". 



□ 



13.6.9. By the results of (|13.6.3p . in 5^°''™ and above a double point of C of 
type 2, say p, the type of the singularity can again be identified with a (complex 
analytic) Hirzebruch-Jung singularity, identified via the homeomorphism V'p°'^"'. 
In particular, corresponding to that point, in the plumbing graph we have to in- 
sert an appropriate HJ-string. In order to do this we need to clarify orientation- 
compatibilities at the intersection points of this string with the strict transforms of 
C. More precisely, we have to clarify the compatibility of the chart ipp with 'nearby' 
charts of type l|13.5.ip . 

Let p be as in the previous paragraph, fix one of its neighbourhoods Sk n Up as 
in l|13.6.3p . and a generic point q on the w-axis with small neighbourhood Sk H Uq 
and chart ip^ : {(a;')" = iv')"'} ^ {(u')"(w')" = \w'\''''} = Sk CWq given by u' = 
y'-i|a;'|'''=/", w' = x' andi;' = z', cf. (|13.5.ip . The inclusion j : 5fc n t/^ — > SkC^Up 
is given by the equations u ~ u'(ti')^™ /™, v — v' and w = w' . Hence ippl o j o ipq 
is given hy x = x' , y = y'{z')"^' /™- and z ~ [z')^^ . This combined with l|13.6.7p . 
the map -0^ ^ ° j ° i^q ■ {a;'" = J/'™, z' ^ 0} ^ {a" = /3™7™ , 7 7^ 0} is given by 
(the inverse) of 



a 



(13.6.10) < y' = ^7™'/™ 

[ z' = 7-1171"'=/". 

For simplicity assume again that gcd(m, n) — 1 (the interested reader can reproduce 
the general case). We take integers a and b with an — bra — ra' as above. Then 
the free coordinates (t,7) normaHze {a" = fi"^^™- } by a = ^"7", (3 = ^"7'' and 
7 = 7, while the free coordinates (s, z') normalize {a;'" = y""} by x' — s™, y' = s" 
and z' = z' . In particular, the isomorphism (ly^-j, o j o ipq)^"™ is given by the 
correspondence (C^, Q) \ {7 0} <-> (C^, 0) \ {z' = 0}: 



(13.6.11) 



z' = 7-i|7|'^'=/". 



Notice that the strict transform of C (in the two charts) is given by i = 0, respec- 
tively by s = 0. 

Now, consider the natural orientations of ng^{Sk n Up) provided via tpp by the 
complex structure of the source of tpp, and also the orientation of ng^{C (lUp) via 
the same procedure. In a similar way, consider the orientations of n'^^{Sk H Uq) and 
n^i(C n Uq) induced by ^pq and the complex structure of its source. Then l|13.6.1ip 
shows the following fact: 
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Lemma 13.6.12. {(Pp^l o j o Tpg)""""- is a diffeomorphism which reverses the 
orientations. Moreover, its restriction on the strict transforms of C reverses the 
orientation of these Riemann surfaces as well. On the other hand, the orientation 
of the transversal slices to the strict transforms of C are preserved. 

13.7. The 'resolution' SkoiSk- The singularities of iS^"""™ are sitting above 
the double points of C. Above a double point of type 1 they are isomorphic with 
complex analytic Hirzebruch-Jung singularities, hence their resolution follows the 
resolution procedure of these germs, cf. (|13.6.2p . 

Above double points of type 2 the real analytic type of the singularity and 
their resolution is not determined here. Nevertheless, these singularities are also 
identified, up to an orientation reversing homeomorphism, with complex analytic 
Hirzebruch-Jung singularities, cf. I|13.6.12p . This is enough to determine the topol- 
ogy of SJ^°™ and to describe the plumbing representation of its boundary. This 
will be done in the next subsection. 

Although, for the purpose of the present work the above topological represen- 
tation is enough, if we would like to handle real analytic invariants read from the 
(structure sheaf of the) resolution (hke, say, the geometric genus is read from the 
resolution of a normal surface singularity) , then an explicit description of this va- 
riety would be more than necessary. Though this type of analytic questions are 
beyond the aims of the present work, we formulate this as an important goal for 
further research. 

13.7.1. Problem. Find an explicit description of the real analytic/algebraic 
resolution of the singularity 

{iu,v,w) e (C^0) : u'"t;'"'w" = \w\''}+, 

where m, m' > and k is a sufficiently large (even) integer (which might satisfy 
some other divisibility assumptions as well, if it is necessary). 

13.8. The plumbing graph. The end of the proof of ()12.4.ip . nee the 

geometry of the tubular neighbourhood of the divisor C is clarified, it is standard to 
describe the plumbing representation of the boundary of this neighbourhood. We 
follow the strategy of \48\ (with sHght modification above the double points of type 
2). 

13.8.1. Consider a component C of C with decoration {m;n,v). By l|13.5.ip . 
the local equation of Su in a neighbourhood of a generic point of C is a;™ = y", 
hence ng^{C) ^ C is a regular covering of degree gcd(m,n) over the regular part 
of C. Let be the normahzation of C, i.e. the curve obtained by separating 

the self-intersection points of C (which are codified by loops of Tq attached to the 
vertex vc which corresponds to C). Then q : n^^{C) (jnorm -g ^ cyclic branched 
covering whose branch points B sit above the double points of C. They correspond 
bijectively to the legs of the star oivc, cf. (|12.3.ip . Notice that if fc € V^(rc) (see 
(|8.1.2p for notation) then m = 1, hence the covering is trivial. Otherwise (7"°''™ is 
rational by (|8.3.2p . 

Fix a branch point b & B whose neighbourhood has local equation is of type 
z'^ = x""i/' . Then q~^{h) has exactly gcd(a,6, c) points; this number automatically 
divides gcd(m, n) for any choice of b. The number n^^ of connected components of 
Tig^C is the order of coker(7ri(C"°'''" \B) ^ "^gcdim.n)), where a small loop around 
b is sent to the class of gcd(a, 6, c). Hence the formula l|12.3.2p for riup follows, and 
(|12.3.4p follows too by an Euler-characteristic argument. 

In the local charts of (|13.5.ip g = v" = y" . Since by normalization y = 
^m/gcd{m,n) ^ and i = is the local equation of the strict transform of C, the vanishing 
order of y'^ along the strict transform of C (i.e. the multiplicity of the open book 
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decomposition of aig{g)) is TOi//gcd(m, n), proving (|12.3.3p . This ends the proof of 
Step 1 of the main algorithm and l|12.4.ip . 

13.8.2. Next, one has to insert the Hirzebruch-Jung strings corresponding to 
the singularities of 5^°''™. Type 1 singular points behave similarly as those ap- 
pearing in the case of cyclic coverings |44j or in the case of lomdin series |48j (or 
anywhere in complex analytic geometry). In particular, the orientation compati- 
bilities imply (cf. (|13.6.2p ) that they are glued in by edges with decorations + (as 
usual for dual graphs of complex analytic curve configurations) . 

One the other hand, the way how the Hirzebruch-Jung strings of type 2 are 
inserted is dictated by Lemma l|13.6.12p . Assume that the singularity is (above) 
the intersection point Ci fl C2 of two components of C. Then, in the plumbing 
representation we have to connect their strict transforms (denoted by the same 
symbols) by a string Ei, . . . ,Es. By (|13.6.12p . when Ci is glued to the HJ-string, 
its orientation is reversed. In order to keep the ambient orientation, we have to 
change the orientation of its transversal slice too. But this is identified with the 
first curve Ei of the string. If the orientation of Ei is changed, then, similarly as 
above, we have to change the orientation of its transversal slice, which is identified 
with E2- By this iteration, we see, that all the decorations of all the edges of the 
string (inserted by Step 2, Case 2 in (|12.3.5p ) should be 0. 

The multiplicity decorations are given by the vanishing orders of g, and are 
computed by the usual procedures, cf. I|5.2p . This proves Step 2 of the Main Algo- 
rithm. Finally, Step 3 does not require any further explanation (see l|5.1.2p ). This 
ends the proof of Theorem l|12.4.ip . 

Theorems l|12.5.2p and l|12.5.4p are particular cases, they are obtained by for- 
getting some information from the graph of OF. 

13.9. The 'extended' monodromy action. Usually, when one has a plumb- 
ing graph G, besides the 3-manifold (constructed by gluing S'^-bundles), one can 
consider the plumbed 4-manifold too (constructed by gluing disc-bundles). This 
is the case here as well; in fact, as it is clear from the constructions of this section, 
the plumbed 4-manifold associated with G is exactly the manifold Sk (cf. I|13.7p ). 

The point we wish to stress in this subsection is that there is a natural mon- 
odromy action on the pair (5^, dSk) such that the induced action on dSk coincides 
with the (Milnor) monodromy action of dF. 

Indeed, instead of only defining the space Zk = {c = \d\''}, cf. (|13.3p . one 
can take all the family of spaces Zk{t) := {c — |c?|'^e'*} for all values t g [0,27r], 
and repeat the constructions of |§ 13[ In particular, one can define in a natural way 
Sk{t), Sk{t) and Sk{t) for all t. This is a locally trivial bundle over the parameter 
t, hence moving t from to 27r, we get the wished action on the pair {Sk,dSk). 

At homological level, by a covering argument, the generalized 1-eigenspace 
Hi{Sk)i equals Hi{Sk), hence 

rank H,(Sk) ^ 2g{G) + c{G); 
^ ■ ■ ' rankHi{Sk)i = rankHi{Sk) = 2.g(rc) + c(rc). 

The monodromy action on the cohomology long exact sequence of {Sk,dSk) will 
have some important consequences later (see e.g. the proof of l|19.2.10p l. 

§ 14. The Collapsing Main Algorithm 

14.1. Elimination of Assumption B. In the formulation and the proof of 
the Main Algorithm (|12.3p it is essential the absence of 'vanishing 2-edges' in Tc. If 
a certain Tc has such an edge, it can be modified by a blow up, which replaces the 
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unwanted edge by three 'acceptable' edges, see (|12.1.2p . Therefore, in any situation, 
it is easy to assure the condition of Assumption B, and the Main Algorithm serves as 
a complete algorithm for dF, dFiF, d2F and for the different multiplicity systems. 

Nevertheless, if the graph Tc is constructed by a canonical geometric procedure, 
and it has vanishing 2-cycles, the above method of the Main Algorithm (i.e., which 
starts with the blowing up of these edges) has some inconveniences. 

First of all, in the new graph Tc we create several new vertices and edges; 
on the other hand, it turns out that in the output final graph G all these extra 
vertices/edges can be eliminated, collapsed (see e.g. I|14.1.ip ). Hence, this indicates 
that blowing up Tc might be unnecessary, and there should be another method to 
eliminate these edges, in such a way that the new graph is not 'increasing'. 

But, in fact, the main reason to search for another approach/solution is dic- 
tated by a more serious reason: in the next section we will see that 'unicolored' 
graphs/subgraphs (i.e. those for which the edge decorations are the same) have big 
advantages in the determination of the geometrical structure (e.g. Jordan blocks, 
monodromy operators). On the other hand, by the elimination procedure (|12.1.2p 
we might destroy such a property. E.g., for cylinders, the graph Tc (as it is con- 
structed in l|9.ip . i.e. before applying the ehmination procedure), is unicolored (all 
the edge-decorations are 2), a property which is not preserved after the extra blow 
ups (of l|12.1.2p V 

Moreover, we will see in l|20.1.6p that the 'twist' (local variation map) associated 
with a vanishing 2-edge is vanishing. Hence, the separating annulus (in the fiber of 
the open book) codified by such an edge is 'rigid', hence it should be glued rigidly 
with its neighbourhood. Hence, in the language of the graph, such an edge should 
be rather collapsed than blown up! 

This can also be reinterpreted in the following way. We will prove (see (|20.1.6p ) 
that the twist of a 1-edge is negative, of a non-vanishing 2-edge is positive, while, 
as we already said, of a vanishing 2-edge, is zero. Since by blowing up a vanishing 
2-edge we create two new 1-edges and one new 2-edge, we replace the zero-twist- 
contribution by two contributions of different signs. Nevertheless, handling oper- 
ators (see a concrete situation in subsections l|20.1.7p - (|20.1.10p ). sometimes it is 
more convenient to have a semi-definite matrix rather than a non-degenerate one, 
which is not definite. 

In this subsection we will present an alternative way to modify Tc and the Main 
Algorithm in the presence of vanishing 2-edges. In fact, this second method is also 
based on the algorithm just proved: we blow up such an edge, we run the Main 
Algorithm l|12.3p , then we apply the plumbing calculus for that part of the graph 
whose ancestor is that vanishing 2-edge and its adjacent vertices, and we show that 
that part collapses into a single vertex. Moreover, any connected subgraph whose 
edges are vanishing 2-edges, by this procedure collapses into a single vertex. 

We keep the output of all these steps as a shortcut, which will be built in the new 
version of the Main Algorithm, called 'Collapsing Main Algorithm'. (Obviously, if 
the original graph has no vanishing 2-edges, then the two algorithms are the same.) 

14.1.1. Consider a vanishing 2-edge e as in l|12.1.2p : 



[g] 

(m;0, i^) 



(m';0,J.) 



2 



v' 



V 



For simplicity assume that v,v' e W and v ^ v' . Assume that the 1-legs (cf. 
(|12.2p ) of V have weights {(w; n^, i/,i)}|^j^, and the 2-legs of w, other than e, are 
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decorated by {(mj-; 0, z^)}*^]^. Set N :— gcd(m, ni, . . . , n^, mi, . . . , mt). We will 
have similar notations s', t' , n-, v'^, m'j, N' for v' too. In (|12.1.2p we have replaced 
e by the string Str{e): 

[9] W] 

(to; 0, t^) {m; + m' , v) (m' ; m + m' , v) (m';0, t^) 



1 - 2 1 , 

V V V V 

Then let us run the Main Algorithm for this part of the graph. In the cover- 
ing graph G the number of vertices over v is Wy := gcd(A^, m'), over v' is n^' := 
gcd{N' ,m), and over the new vertices v and v' their number is tXe := gcd(m, to'). 
Moreover, over all the edges we have to put Ue edges, they form rig strings, con- 
taining the rie vertices sitting above the new vertices, and the ends of these strings 
are cyclically identified with the vertices sitting over v and v' respectively. The 
vertices over v have multiplicity decoration {v) and genus decoration g determined 
by II12.H.4|1 : 

(14.1.2) n„ • (2 - 2.g) = (2 - 2g - s - t - 1) • TO 

s t 

+ ^ gcd(TO, Tii) + ^ gcd(m, rrij) + xie- 

There is a similar statement for vertices over v' too. The vertices of G over the 
new vertices v and v' have zero genera and multiplicity decorations {mv/ne) and 
(toV/he) respectively. Furthermore, if we apply Step 2 of the algorithm l|12.3.5p . 
then we reaHze that above the 1-edges the corresponding strings are degenerate 
(hence we insert H — edges only), while above the 2-edge of Str{e) any inserted string 
S'tr® has only one vertex with multiplicity {v) and Euler decoration (to -|- m')/ne. 
In particular, all the rig strings above Str{e) have the form 

( ^) (y) {v) (y) (^ ) 

' * e " * 

Q m+m Q 

Tie 

The configuration of all the vertices and edges sitting above e and its end- 
vertices form n := gcd(n„,n„') connected components. 

Now, we run the plumbing calculus of oriented plumbed 3-manifolds, cf. I|5.ip . 
Notice that by two 0-chain absorptions the above string can be collapsed. In par- 
ticular, by 0-chain absorptions and oriented handle absorptions all these strings 
can be collapsed identifying their end-vertices as well. Hence, after 0-chain and 
oriented handle absorptions each connected component collapses into a single ver- 
tex. Their number will be n and all of them will carry multiplicity {v). The 
genus decoration ge of such a vertex can be computed as follows: First we have 
a contribution from 0-chain absorptions, namely the sum of all the genera of the 
vertices in that component, namely (n^^ -I- nyig')/n. Then, corresponding to ori- 
ented handle absorptions, we have to add one for each 1-cycle of that compo- 
nent. This, by an Euler-characteristic argument is (rig — n„ — n^' -f n)/n. Hence 
n(l — ge) = nt,(l — g) + ni,'(l — g') — rie, or, this combined with l|14.1.2p . gives 

n • (2 — 2(7e) = (2 — 2,9 — s — < — 1) • TO + gcd(TO, rii) + gcd(TO, mj) 

i 3 

+ {2-2g' - s' -t' -l)-m + ^ gcd{m , n[) 

+ gcd(TO', m'j). 
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14.1.3. The point is that it might happen that a vertex of Tc is the end-vertex 
of more than one vanishing 2-edge. Hence, if we run the above procedure (|14.1.ip 
for all the vanishing 2-edges simultaneously, a bigger part of the graph will be 
collapsed. We make this fact more precise in this subsection. 

Consider the graph Tc (as it is given by a resolution procedure, or by a geo- 
metric construction, unmodified by Assumption B), which satisfies Assumption A. 

We start with the claim that Tc has no vanishing 2-loops. Indeed, such a loop 
can be supported neither by a vertex of (because of Assumption A l|7.3p ). nor 
by a vertex of T'^ j, because Tcj is a tree by l|8.3.2p . 

The same argument shows that any connected subgraph of Tc , with the prop- 
erty that all its edges are vanishing 2-edges, is a tree. 

Let Tyaii be a maximal connected subgraph of Tc with only non-arowhead 
vertices and vanishing 2-edges connecting them. (In particular, Tyan has no edges 
supporting arrowheads). As we already proved, it is a tree. 

This subgraph might have only one vertex w with decoration, say {m;n,v). 
In this case define nr„„„ = (given by l|12.3.2p l. Tip^^,, = mi'/gcd{m,n) (cf. 
(|12.3.3P ). and 5r„„„ = fjw given by (|12.3.4p . 

Next, assume that T^^an contains several vertices. For any vertex w of Tyan, 
consider its star in Tc'- 




Notice that the 2-legs of this star come from two sources: either are associated 
with the edges of F„an, or are 2-edges supporting arrowheads. Let tw be the number 
of this second group. (The end decorations of these legs are (1; 0, 1), hence if there 
is a vertex w of T^an with i„ > 1, then i/ = 1 automatically.) 

Associated with the star of w we consider the integers gw and as follows: 

• := gcd(m, ni, . . . ,ns,TOi, . . . ,mt), cf. (|12.3.2p : 

s t 

• n^(2 - 2gy,) = (2 - 2^^, - s - t)m + gcd(m,nj) + gcd(m,TOj), cf. 

1=1 j=i 

(112.3.411 : 

s 

• nyj{2 - 2gyj) = (2 - 2^^, - s - t)m + J2 gcd(m, n,,) + i^. 

1=1 

Furthermore, for any edge e S S{Tyan) (with decorations as in (|14.1.ip ) define 

• rie :— gcd(m,TO'), cf. I|14.1.ip . 

Then, similarly as in (|14.1.ip . if we eliminate all the vanishing 2-edges of Tyan 
by blow ups (|12.1.2p . and we run the Main Algorithm l|12.3p . after 0-chain and 
oriented handle absorptions, the whole subgraph above Tyan will collapse into 

(14.1.4) nr„„„ := gcd{ n„ : w e V{Tyan)} 
vertices, all with multipHcity 

(14.1.5) "^r„a„ = 

and genus decoration (?r„a„ , which is determined similarly as in l|14.1.ip : the con- 
tribution from the genera of the vertices is Yw^^d^/^^^c^n^ while the contribution 
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from the cycles is 

(14.1.6) ( J2 n» +nr„„„ )/nr_. 

e(E£(r„„„) u;ev(r„„„) 

In particular, for 5r„„„ we get: 

(14.1.7) nr_(2-25r„„J = ^w{2~2g^). 

t«ev(r„„„) 

14.1.8. Consider a (vanishing) 2-edge e of Tc which supports an arrowhead, 
whose non-arrowhead vertex w has weight (m; 0, 1). Let r„a„ be the subgraph (as 
in l|14.1.3p ) which contains w. Clearly, nr„„„ = 1, hence T^an can be collapsed to a 
point as in l|14.1.3p . 

Regarding e, by similar steps as in l|14.1.ip and (|14.1.3p . we get in G, above e, 
exactly rie = 1 string, whose shape is: 

(1) M Q (1) Q (1) 



w m+l 

Obviously, the first 0-vertex can be eliminated by 0-chain absorption. This 
modified shorter string is glued to the unique vertex constructed in (|14.1.3p corre- 
sponding to Tyan- 

Now we are able to formulate the new version of the Main Algorithm. 

14.2. The Collapsing Main Algorithm. 

14.2.1. Start again with the graph Tc read from a resolution (cf. I7.1.ip ). If it 
has vanishing 2-edges, we will not blow them up, as in (|12.1.2p . Instead, we will 
'collapse' them by the procedure described in the previous subsection l|14.ip . 

Denote by Tc the (undecorated) graph obtained from Tc by contracting (in- 
dependently) each subgraphs of type Tyan into a unique vertex. All 1-edges, non- 
vanishing 2-edges, arrowhead vertices and vanishing 2-edges supporting arrowhead 
vertices naturally survive inheriting the natural adjacency relations. 

Then, we construct a plumbing graph G of the open book of dF with binding 
Vg and fibration a.ig{g) : dF \Vg ^ as follows. It will be determined as a 
covering graph of Tc, modified with strings, cf. I|6.ip - I|6.2p . In order to identify it, 
we have to provide the covering data of the covering G ^Tc (cf. (|6.1.2p ). 

14.2.2. Step 1. — The covering data of the vertices of Tc. 

Over a vertex of Tc , obtained by the contraction of the subgraph Tyan of Tc , 
we insert nr„„„ vertices in G (cf. I|14.1.4p ). all of them with genus decoration gr^^„ 
(cf. (|14.1.7p ). and multiplicity TOr„„„ (cf. I|14.1.5p ). 

Any arrowhead vertex of Tc is covered by one arrowhead vertex of G, decorated 
by multiplicity decoration (1), similarly as in the original version (|12.3.ip . 

14.2.3. Step 2. — The covering data of edges and the types of the 
inserted strings. 

Case 1. The case of 1-edges is the same as in the original version l|12.3.5p . Over 
such an edge e, which in Tc had the form 

(rn;n,v) i {m;l,X) 
[9] W] 

«1 «2 
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insert (cyclically) in G exactly rig = gcd(m, n, I) strings of type 

Str — ,— ;— „,X;0). 

\ Ue XXe XXe ) 

If the edge e is a loop, then the procedure is the same with the only modification that 
the end-vertices of the strings are identified. If the right vertex V2 is an arrowhead, 
then complete again the same procedure with m — 1 and rig = 1, namely: above 
such an edge e put a single edge decorated by + (which supports that arrowhead 
of G which covers the corresponding arrowhead of Fc). 

Case 2. The case of non-vanishing 2-edges is again unmodified. Above such an 
edge e, which in Tc had the form (with n > 0) 

(rn]n,v) 2 {m']n,v) 

^\ w\ 

insert (cyclically) in G exactly rie = gcd(r7i, m' , n) strings of type 

„ n, f m m' n \ 
Str^ [-,—■- 0,0;^. . 

V tie tie tXe / 

If the edge is a loop, then we modify the procedure as in the case of 1-loops. 

Case 3. Finally, we have to consider the case of those vanishing 2-edges which 
support arrowheads (the others have been collapsed). 
Above such an edge we insert in G one string of type 

(1) e (1) 

• " (1) 

w 

If the 2-edge was supported in Fc by a vertex which belonged to T^am then the 
end-vertex w of the above string should be identified with the unique vertex of G 
corresponding to that subgraph F„a„. 

14.2.4. Step 3. — Determination of the missing Euler numbers. The 

first two steps provide a graph with the next decorations: the multiplicities of all 
the vertices, all the genera, some of the Euler numbers and all the sign-decorations 
of the edges. The missing Euler numbers are determined by the formula l|5.1.2p . 

14.3. The output of the 'collapsing algorithm'. Similarly as in the first 
case. Proposition l|6.1.4p guarantees that there is only one cyclic graph-covering of 
Fc with this covering data (up to a graph-isomorphism). 

In fact, by l|14.1.3p . the output G of the 'improved algorithm' and the output G 
of the original algorithm are connected by the 'reduced oriented plumbing calculus': 
G ^ G. Hence, Theorem l|12.4.ip is valid for G as well: G is a possible plumbing 
graph of the pair {dF,dFC\ Vg), which carries the multiplicity system of the open 
book decomposition aigig) : dF\ Vg ^ S^. 

The algorithm is again compatible with the decomposition of OF into diF 
and d2F. The part regarding diF is unmodified (since F^ has no 2-edges). The 
graph G2 transforms into G2 similarly as G transforms into G. Moreover, all the 
statements of l|12.5p regarding Gi and G2 are valid for Gi = Gi and G2 with the 
natural modifications; the details are left to the reader. 
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14.3.1. On the other hand, the difference between G and G, the outputs of 
the original and the new algorithms, both unmodified by plumbing calculus, can be 
substantial, sometimes even spectacular. See e.g. the complete computation in the 
case of cyHnders in section |§ 25[ 

For example, the difference c(G) — c(G) is the sum over all subgraphs T^an of 
the expression appearing in l|14.1.6p . which can be a rather large number. This will 
have a crucial consequences in the discussion of the Jordan blocks of the vertical 
monodromies (showing, in fact, the incontestable advantage of G versus G). 

Similarly as in l|12.4p , we will use the notation G for the output graph obtained 
by the Collapsing Main Algorithm described above, and which is unmodified by any 
operation of the calculus. We adopt the same notation for the graphs of diF and 
92 -F, namely Gi and G2. (Recall that G ^ G. Hence there is no need to consider 
the 'modified G', since for that we can use the old notation G™, cf. (|12.4p ). 



CHAPTER VII 



Homological properties of the monodromies. 

§ 15. Vertical/horizontal monodromies. Generalities. 

15.1. The monodromy operators. Let / be a hypersurface singularity with 
a 1-dimensional singular locus. In general, it is rather difficult to determine the 
horizontal and vertical monodromies {m'j iior}i=i ^^'^ {™j,uer}f=i of Sing(Vf), es- 
pecially the vertical one. (For the terminology, see (|3.2p .) It is even more difficult 
to identify the two commuting actions simultaneously. 

This difficulty survives at the homological level too: in the literature there is 
no general treatment of the corresponding two commuting operators. In lack of 
general theory, the existing literature is hmited to few sporadic examples, which 
are obtained by ad hoc methods (for relatively simple situations when such methods 
are sufficient to produce the answer). 

Our goal here is to provide a general procedure to treat these homological ob- 
jects and to produce (in principle without any obstruction) examples as complicated 
as we wish. 

Similarly, if we fix another germ g such that <& — {f,g) is an ICIS, then one 
of the most important tasks is the computation of the algebraic monodromy repre- 
sentation of 1? induced by m^ hor and m^.^er (for their definition, see l|4.ip ). Our 
treatment will include the determination of these objects as well. 

In fact, we target the following algebraic monodromy operators: 

• the commuting pair Mj and Mj^^^, acting on Hi{F^), induced by 
^'jMor and TO^. (1 < j < s), 

• the commuting pair M^/jo^ and M*^^^ , acting on Hi {F^nTj) ^ Hi (Fj ) ®'^' 
(cf. I|4.3.ip ). induced by mf h^^ and m*^^^ (1 < j < s), 

• the commuting pair M^^hor and M$ ,;er, acting on _ffi(F$), induced by 
m^,hor and m^^yer, cf. idH]). 

Here, usually, we considered homology with complex coefficients, but obviously, one 
might also consider the integral case. In fact, in some of our examples, occasionally, 
the additional Z-invariants will be treated as well. 

We separate our discussion into two parts. In this chapter we determine com- 
pletely (via Tc) the character decomposition (i.e. the semi-simple part) of the 
relevant Z^-representations. This includes all the characteristic polynomials of all 
the monodromy operators. Moreover, we connect the ranks of some generalized 
eigenspaces with the combinatorics of the plumbing graph G as well. We wish to 
emphasize that, although we get all our results rather automatically from the graph 
Tc, all these results are new, and were out of reach (in this generality) with previous 
techniques. This shows once more the power of Tq. 

The second part treats the structure of the Jordan blocks. This is considerably 
harder. Our main motivation in this part is the computation of the homology of dF 
and its algebraic monodromy action. Since the homology of dF will be determined 
via the homology of dF \ Vg, hence by the Wang exact sequence in which the 
operator M$ — I appears, the determination of the 2- Jordan blocks of M$^.„er 
with eigenvalue one is a crucial ingredient. 
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Therefore, in this work we will concentrate only on the computation of these 
Jordan blocks, although for some cases we will provide the complete picture. This 
second part (including the discussion regarding the Jordan blocks of the vertical 
monodromies for eigenvalue one, and the computation of homology and algebraic 
monodromy of dF) constitutes the next chapter. 

Remark 15.1.1. Although F$ is not the local Milnor fiber of a hypersurface 
singularity, a convenient restriction of <& provides a map over a sufficiently small 
disc (a transversal slice of the c?-axis at one of its generic points) with generic 
fiber i^<i> such that the horizontal monodromy M^^hor is the monodromy over the 
small punctured disc (in other words, the horizontal monodromy M^jior can be 
'locaHzed', it can be represented as the monodromy of a family of curves over a 
small punctured disc). On the other hand, the vertical monodromy M^^^er cannot 
be localized in this sense. In particular, general results about the monodromy of 
families over a punctured disc cannot be applied for the vertical monodromies. 
(This is one of the reasons why their computation is so difficult. This difficulty will 
be overcome here using the graph Tc) 

15.2. General facts. The statements of the next lemma are well-known for 
the horizontal monodromies (by the celebrated 'Monodromy Theorem', see e.g. |13|, 
130) for the global case, |12, JlJ for the local case, or [27\ for a recent monograph), 
and may be known for the vertical monodromies as well, although we were not able 
to find a reference for them: 

Lemma 15.2.1. The eigenvalues of the operators M'^ j^^^, Mj^^^^, Mf y^^^, M*„g^ 
(1 < j < s), respectively M$ jjo,. and Mcj,^ver, are roots of unity. Moreover, the size 
of the Jordan blocks cannot be larger than two. 

Proof. For the operators acting on iJi(F,j) use the decomposition l|8.5.3p of 
, and the fact that the restriction of the geometric actions on each subset Fy is 
isotopic to a finite action. (As a model of the proof, see e.g. fl81 §13].) The same 
is true for the operators acting on Hi (i^$ H Tj ) . (In this case only those subsets 
Fy appear which are indexed by the non-arrowhead vertices of ^cj-) Finally, 
the operators M*^ and Mj ^ are connected by a simple algebraic operation, see 
(0X11) (2). Compare with the proofs of l|16.2.6p and (|19.2.2p as well. □ 

Remark 15.2.2. By the 'Monodromy Theorem' valid for isolated hypersurface 
singularities, the Jordan blocks of Mj with eigenvalue one must have size one 
(see e.g. [271 (3.5.9)]). By the correspondence (|4XT1) (2). this fact is true for M*^„^ 
as well. Nevertheless, for the other four operators, such a restriction is not true 
anymore: In l|22.6.2p we provide an example when all Mj^^^, M*^,^^ M^jior and 
M^,ver have Jordan blocks of size 2 with eigenvalue one. 

In fact, examples with Mj^^^ having such a Jordan block can be constructed as 
follows: Fix a topological/equisingularity type of isolated plane curve singularity S 
whose monodromy has a 2-Jordan block. Let o be the order of the eigenvalue of this 
block. Then one can construct a projective plane curve C of degree d (sufficiently 
large), which is a multiple of o, and such that C has a local singularity of type S. 
Let Vf be the cone over C. By a result of Steenbrink |63] Mj = (Mj^hor)'''' ' 
hence Mj^^^ has a Jordan block with eigenvalue one and size two. 

§ 16. Vertical/horizontal monodromies. Characters. 

16.1. Definitions. Algebraic preliminaries. Let H be a finite dimensional 
C-vector space, and assume that M e Aut{H). Let Pm(0 (or Phm{^)) be the 
characteristic polynomial det{tl — M) of M . For each eigenvalue A, let Hm,\ = 
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ker((A/ — M)''^) (for N large) be the generalized A-eigenspace of M. Obviously, the 
multipHcity of f — A in PM{t) is exactly dim Hm,\- Sometimes it is more convenient 
to replace Puit) by its 'divisor' 

(16.1.1) Div{H- M) ■= ^ dimifM.A • (A) e N[C*]. 

More generally, assume that two commuting automorphisms Mi and M2 act on H. 
Then, for each pair (A,^) G C* x C*, set -H^(a,5) := Hmi,\ H Hm2,£, and 

(16.1.2) Div{H;Mi,M2) := ^ dim(iJ(;,,j) ) • (A,0 S N[C* x C*]. 

(A,?) 

16.1.3. Key Example. Fix a triple of integers {m;n,v) with m, 1^ > and 
n > 0. Let P be the set of points 

r ■- {{u, v) €C* xC*\v'' = 1, u'^v" = 1}. 

In fact, P is a finite subgroup of C* x C* of order miy. On this set of points we define 
two commuting permutations: For each pair of real numbers {thorjtver), consider 
the set of points 

V{thor,tver) ■= {{u,v) s C* x C* | = e'*"-, = e'*"""-}. 

Fixing tver = and moving thor from to 2it, we get a locally trivial family of 
mv points, which defines a permutation Uhor of V. Similarly, fixing thor = and 
moving t„er from to 27r, we get the permutation cr^er of V. One can verify that 
the two permutations commute (since, e.g., the torus {\u\ = \v\ = 1} has abelian 
fundamental group). 

Let H := Ho{V,C) be the vector space with base elements indexed by the 
points from V, i.e. the vector space of elements of type J^pev ' P' where Cp G C. 
For any permutation a of V, define cr* G Aui{H) by 

Our goal is to determine 

A(m;n, !/) := Div{H;ahor,*,<^ver,*) € N[C* x C*]. 

Consider the elements f) := (e^W™,!) and t) := (e-2W™'^, g^W-^) of P. Then, 
by a computation one can verify that dhor (respectively (lyer) can be obtained 
by multiplication in P by f) (respectively by 0). Let V be the subgroup of the 
permutation group of V generated by ahor and tr^er . Having the forms of f) and 
0, one can verify easily that [) and t) (hence a^or and (T„er in P too) satisfy the 
relation f)'" = t)™''/^™'") = l)"ti'' = 1, and that P acts transitively on P. (Here 
{m,n) =gcd(?Tt, n).) Define the group 

(16.1.4) G(m; n, v) := {(A, ^ e C* x C* : A" = A"^ - !}• 

(Notice that for (A,C) G G{m;n,iy), one has automatically ^™''/(™.n) = l.) Then 
G{m; n, v) is isomorphic to P, both have order mv, and since "P acts transitively on 
P (which has the same order) both are isomorphic to P (by a morphism generated 
by (Jhor ^ f) and cr^er ^ f)- Therefore, for any (A, ^) G G{m;n,y) there is a 
(A, ^)-eigenvector of the action {(Jhor,o'ver) which has the form: 
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where po = (1,1) £ V, and the index set k,l is taken in such a way that the set 
{'^h.or'^ver}k,i IS exactly V , and each element is represented once. Therefore 

(16.1.5) A(m;n,z.)= ^ (A,0- 

As a particular example, assume that in l|16.1.3p one has v = 1. Then G{m; n, 1) = 
{A : A" = 1} and ^ = A"". Hence 

(16.1.6) A(m;n,l) = ^ (A,A-"). 

A'" = l 

From (|16.1.5p it also follows that the characteristic polynomials of ahor,*, respec- 
tively of ayer,* acting on H are the following: 

(16.1.7) P^,„^ . (t) = (t™ - l)^ P^^,„^ (t) = _ 

Moreover, the characteristic polynomial of ahor,* restricted on the generalized 1- 
eigenspace -ffcr„er .,i of cr-uer,* is 

16.1.9. The 'd— covering'. Let If be a finite dimensional vector space with 
two commuting automorphisms Mi and M2. Furthermore, fix a positive integer d. 
We define 7?^'*' := and its automorphisms m}'^^ and Mj''^ by 

^(a:i, . ..,Xd)^ (Mi(xi), . . . , Afi(a;d)), 

and 

M^'^\xi, .. .,Xd) ^ {M2{xd),xi, . . .,Xd-i). 

It is not hard to see that Div{H'''^'i-M['^\M!f^) can be recovered from Div{H- Mi, M2) 
and the integer d. Indeed, consider the morphism 

S^-^) : N[C* X C*] ^ N[C* x C*], where s('^)((A,0) ^ (A, a). 

Then, one shows that 

E'-'^\Dtv{H;Mi,M2)) = Dtv{H'-'^^: m['^\ M^"^^). 
Lemma 16.1.10. For any fixed positive integer d one has: 
(a) S'^'') is infective, 
(h) S('^)(A(m; n, i^)) = A{m;n,diy). 

Proof, (a) If one takes r^^'') : N[C* xC*] ^ Q[C* xC*], defined by f7('^)(A, a) = 
i(A, a''), then n^'^'> o S''') is the inclusion N[C* x C*] ^ Q[C* x C*]. For (b) notice 
that the system {A™ = A^^"^ ^ a'^ ^ ^} is equivalent to {A™ = X'^a'^" = 1}. □ 

16.2. The divisors Divg,, Div'^ and Div'^ in terms of Fc- 

Definition 16.2.1. Using the monodromy operators introduced in ^5.1]} . we 

set 

(16.2.2) Div'^ := Div{H^{F'^- M^^^^, Mj^^,,) (1 < j < s), 

(16.2.3) := Div{Hi{F;f''^ ; Mf_^,,, M*,,J, (1 < j < s), 
and 

(16.2.4) Div^ Div{Hi{F4,); Author, M^.^er)- 
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16.2.5. Further notations. Recall that W{Tc) (respectively yV(r^j)) denote 
the set of non-arrowhead vertices of Tc (respectively of j, for any j = 1, . . . , s). 
For each w e yV(Fc), let be the corresponding irreducible curve in C, its 
genus, and Sw the number of legs associated with the star of v (cf. 112. 2p . i.e. the 
number of edges in Tc adjacent to w, where each loop contributes twice. Moreover, 
assume that the decoration of w in Tc is {171^; 11^,1/^). 

Theorem 16.2.6. 

(16.2.7) Div^- {1,1) = ^ (25^ + (5,„-2)-A(m^;n„,i/„). 
Moreover, for any j = 1, . . . , s, 

(16.2.8) Z?zt;*- ^ (1,0 = {5w-2)- K{m^-n^,v^), 

(16.2.9) i:'^-(l,l)= ^ ((5^, -2)-A(m^;n^,M„/fij), 

where dj = deg(g|I]j), or by ^8.3.3\). dj = gcd{uu,)^^w{rl 

In particular, the above formulae provide the ranks of Hi{F^) and Hi{Fj) as 
well. 

Proof. As in any 'A'Campo type' formula (cf. [T|), it is more convenient to 
work with a zeta-function of an action instead of its characteristic polynomial. In 
the present case also, we will determine first the element 

in Z[C* X C*]. Above, /^^^ and M£ are the horizontal and the vertical 
monodromies acting on Ho{F^). Since F$ is connected, this space is C, and 
Mlhor = K,ver =_«£, heuce Div{Ha{F^)- M^^^^, Ml = (1,1). Hence, 
the left hand side of l|16.2.7p is -D{F^). 

The point is that D{F,p) is additive with respect to a Mayer-Vietoris exact 
sequence. More precisely, if we consider the decomposition (|8.5.3p . then 

D{F^) = J2 ^(^™) - ^(^)' 

where E is the union of 'cutting circles'. Since Ho{E) = Hi{E) and the monodromy 
actions on them can also be identified, D{E) = 0. On the other hand, is a 
regular covering over the regular part C^^^ of the curve Cw with a finite fiber which 
can be identified with V in the Key Example l|16.1.3p . Moreover, the horizontal 
and vertical actions on F^ are induced by the corresponding actions on V. Hence 
D{F^) = x(t^;'^) • D{r) = • A(m„;n„,z/„), where xiC^) stands for the 

Euler-characteristic of C^^^ , and equals 2 — — 6.^, . 

The proof of (|16.2.8p is similar. Using the results and notations of i|4.3.ip . one 
gets that F^ n Tj is cut by 'cutting circles' into the pieces {-FloltoGrg • But F$ n Tj 
consists of dj copies of Fj. Hence, with the additional fact that gw = for all 
w e W{Tl j), we get 

-D(Ud^Fj;TO*;,o^,m*^„,,) = ^ (6^-2) ■ A{m^;n^, i^^). 

On the other hand, in this case, the 0-homology is different: Ho{\JdjFj,C) = C^^ 
on which the horizontal monodromy acts by identity and the vertical one by cyclic 
permutation — , hence its contribution is J^e'^j =ii^^ 0- 
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Now, using the special forms of m^f^^^ and m'^^^^ from l|4.3.ip (2). by (|16.1.9p 
and l|16.1.10p one gets that ^'^'^i\Divf) = Div'j, hence (|16.2.8p follows. □ 

l|l(i.2.6D . II16.1.7D and (116.1.81) imply: 
Corollary 16.2.10. 

(a) The characteristic polynomial of M^ hor and M,s,,ver , acting on H = Hi{F^,C) , 

are 

PM^,..At) - - 1) • n (^'"^' - ir-^''-'-'--'\ 

weWiFc) 

The characteristic polynomial of the restriction ofM,j,^hor on the generalized eigenspace 
i/i(F$,C)M4.,„,,,i is 

(h) There are similar formulae for the operators acting on H = Hi{F,j, n Tj): 

Pmi.J^) = it- 1)'^ • n - ir-^'--'\ 

P^j^ = _1). ]^ (^m„,.„/(m„,n„) _ -^-)(m„,«„)(5„-2)^ 

w(iW(Tl.) 

pm^^ah^. jt)=(t-i). n (^(— 

(c) Finally, the characteristic polynomials of the local horizontal /vertical mon- 
odromies acting on H — Hi[FpC) are 

pm'^..J^) = - 1) • n - ly-^'--^^'"^ , 

Notice that the output of the right hand sides of the formulae in (c) (a posteriori) 
should be independent of the choice of the germ g, since the left hand sides depend 
only on the germ f . 

Notice also that Pm-^^^jh.,^ M = Pm' ^,,.\h^,,, 



Remark 16.2.11. The above formulas (|16.2.6p and (|16.2.10p are vaHd even if Tc 

t happen that >V(r2 = { 

w{rl .} ^ and nw(r2 ^.) 



does not satisfy Assumption A. In this case, it might happen that W(T^ /) = 0, see 
e.g. IjlO.l.Sp . In such a situation, by convention, X^wfr^ .) — and Hwrr^ .) — 1- 
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16.3. Examples. 

16.3.1. Assume that / = x^ip — z^; see l|ll.l.ip for the graph Vc (with g = 
x + y + z). Then, by (|16.2.10p ('c'). the characteristic polynomials of the two vertical 
monodromies Mj (j — 1,2) are (t '' — l)^/(i— 1)'^ (corresponding to the transversal 
type y' — z^), respectively {t^ — Vf I (^ ~ 1)'^ (corresponding to the transversal type 

— z^). This can also be verified geometrically in an elementary way: by the 
Thom-Sebastiani theorem (see |69j ). in the first case homotopically is the joint 
of 7 points with 4 points. Analyzing the equation of / we get that the vertical 
monodromy is the joint of the cycHc permutation of the 7 points with the trivial 
permutation of the 4 points. A similar geometric description is valid for the second 
case too. 

In particular, in this case, these vertical operators have no eigenvalue 1. 

16.3.2. If / = y3 + [x^ - z'-f (see (|11.1.3p for Tc), then the transversal type is 
A2 and M{ has characteristic polynomial (t — 1)^. Since the eigenvalues of the 
commuting operator M( are distinct, M{ is the identity. 

16.3.3. If / = + _^ xyz (a = 3 or 5), cf. (|9A3l) and IpAi]) . then s = 1, 
the transversal type is A\, and Div'^ = (1,1). 

16.3.4. If / = x^y^ + z'^{x + y),oi f = x^y + z^, cf. I|11.1.2p ) and l(93l|) . then 
again each transversal type is Ai, but Divj = (1,-1). 

Remark 16.3.5. Assume that / is homogeneous of degree d. For g a generic 



linear function, Tc was constructed in section § 10 This says that any vertex has 



a decoration of type (m;d, 1). Moreover, by l|16.1.6p . 

A(m;d,l)= J2 (^'^"')- 

Therefore, the statement of l|16.2.6p is compatible with A/<i, „er — {M^jior)~'^ , or 
^f,ver = {^f.hor)~'^ already mentioned (see also (|22.2p for more details). 
16.4. Vertical monodromies and the graph G. 

16.4.1. As we already explained, we are primarily interested in the generalized 
eigenspaces of the vertical monodromies corresponding to eigenvalue one. Subsec- 
tion (|16.2p provides their ranks in terms of Tc ■ In this subsection we compute them 
in terms of the combinatorics of the plumbing graph G. 

The reader is invited to recall the definition of the graphs G and G2J , the 
plumbing graphs of [dF.Vg) and d2jF, which were introduced in l|12.4.ip and 
(|12.5.3p ). and are kept unmodified by plumbing calculus. 

For any graph Gr whose vertices are arrowheads A{Gr) and non-arrowheads 
}V{Gr) (and where the arrowheads are supported by usual or dash-edges), we also 
define £w{Gr) as the set of edges connecting non-arrowhead vertices. Recall that 
c{Gr) denotes the number of independent cycles in Gr and g{Gr) the sum of the 
genus decorations of Gr. These numbers, clearly, are not independent. E.g., if Gr 
is connected, then by an Euler-characteristic argument: 

(16.4.2) 1 - c(Gr) = #>V(Gr) - #£:,„(Gr). 

Example 16.4.3. Let G be one of the output graphs of the Main Algorithm 
(|12.3p . In order to determine c(G) and g{G), for each w € yV(rc) we will rewrite the 
decorations m, n, ni, . . . , n^, wi, . . . , mj used in the Main Algorithm 
. . . , riu, s, 1, . . . , m^j.f . Then, using the formulae of l|12.3p . we have the following 
expressions in terms of Tc for the cardinalities ^A{G), ^W{G), and #£w(G) of 
the corresponding sets associated with G: 

#A{G) = #A{Tcy, 
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wew{rc) 

2#£vv(G) + #^(6*) = ^ ( ^gcd(m„,nu,,nu,,i) +^gcd(mu,,n„,,m^j) ); 
ti)ew(rc) i i 

Moreover, 

2g(G)= ^ (2.9,„+J^-2)gcd(m^,n^) + 2#W(G)-2#£^(G)-#^(G); 
luGW(rc) 

and, obviously, c(G) also follows via (|16.4.2p . 

Remark 16.4.4. One can verify that, in general, g{G) > g(Tc) and c(G) > 
c{Tc). (Compare with O (3.11)].) 

Proposition 16.4.5. The ranks of the generalized eigenspaces -ffi(i^$, C)m4. „er,: 
and Hi{Fj,C)m'. ^^^,1 satisfy the following identities: 

(16.4.6) dim i/i(F$,C)A/^.„„,i - 25(G) + 2c(G) + #A{G) - 1. 

(16.4.7) dim i/i(F;,C)A/j^^^,i - 25(G2j) + 2c(G2j) + #^(G2,,) - 1. 
Notice also that by ^672Adj), one also has the identity 

(16.4.8) dimHi{RT>nTj,C)Mf^^^.i = dimiJi(Fj, C)m^ 

Above, #^(G2j) is the number of arrowheads of G2J, which, in fact, are 
all dash-arrows. Their number is equal to 4/^£cut,j, the number of 'cutting edges' 
adjacent to ^ . 

Proof. By the third formula of l|16.2.10p (a) one has 

dim Hi{F^)m^,^„.s = 1 + ^ gcd(m^,, n^,) • (2^^ + S^, - 2). 

Then use (|16.4.3p and (|16.4.2p . The proof of the second identity is similar. □ 

Remark 16.4.9. Although, the graph T^ j is a tree whose vertices have zero 
genus-decorations (cf. (|8.3.2p ). in general, both g{G2,j) and c(G2j) can be non- 
zero. 

Consider for example a Hne arrangement with d lines and its graph Tq as in 
(|10.2p . Fix an intersection point j € 11 contained in rrij lines, and consider its 
corresponding vertex vj in Fc. Above Vj there is only one vertex in G, whose genus 
gj via (|12.3.4p is 

2 — 2gj = (2 — rrij) ■ gcd(mj, d) + rrij. 
Therefore, gj = if and only if (mj — 2) • (gcd(mj, d) ~ 1) — 0; hence 'cjj typically 
is not zero. 

An example when c{G2.j) 7^ is (|22.5.5p with d even. 

It might happen that Gi and G2 have no cycles, while G does; see e.g. (|9.4.3p 
or (|9A4p . 

16.4.10. Proposition (|16.4.5p points out an important fact: although the graph 
Fc depends on the choice of the resolution r in l|7.1.ip . hence the graphs G and G2J 
inherit this dependency as well, certain numerical invariants of them, describing 
geometrical invariants of the original germ / or of the pair (/, g) , are independent 
of this ambiguity. Sometimes, even more surprisingly, the role of g is irrelevant too. 
Here is the start of the list of such numerical invariants: 

• 4I^A{G)= number of irreducible components of Vf C\Vg\ 

• ifA{G2.j)= number of gluing tori ofd2jF, see l|12.5.7p (independent oi g); 

• g{G) + c(G) is an invariant of (/, 5) by l|16.4.6p : 
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• g(G2,j) + c(G2j) is an invariant of / (independent of g) by i|16.4.7p . 
For the continuation of the Hst and more comments on g{G) and c(G), see (|18.1.7p 
and lflA2l) . 

Note that all these invariants are stable with respect to the reduced oriented 
plumbing calculus (in fact, the definition of the reduced set of operations relies 
exactly on this observation). In particular, we also have: 

Corollary 16.4.11. The statements of {16.4-5\) are valid for any graph G"" 
(respectively G^^) with G™ ^ G (respectively G™^ ~ G2,j)- E.g., for G too. 



CHAPTER VIII 



Homological invariants of dF and dF \ Vg 

§ 17. The characteristic polynomial o{ dF. Starting point. 

In order to determine the characteristic polynomial of the Milnor monodromy 
acting on Hi{dF) we need to understand two key geometrical objects: the pair 
{dF, dF \ Vg) and the fibration arg(f;) : dF \ Vg ^ . In the next paragraphs we 
discuss both of them and we indicate those data which remain undetermined after 
this discussion. In the next sections we will determine these data, at least in the 
most significant cases. 

[The main reason for the lack of a complete description lies in the fact that for 
the variation map involved, the 'uniform twist property' (usually vahd in situations 
in complex geometry) is not satisfied. This is happening because for edges with 
different decorations we glue together subspaces with different orientations; for more 
technical details see (|20.ip .] 

17.1. The pair {dF,dF\ Vg). From the long homological exact sequence of 
the pair {dF, dF \ Vg) we get 

H2{dF, dF \ Vg) ^ Hi{dF \ Vg) Hi{dF) ^ 0. 

By excision, H2{dF, dF \ Vg) equals Ho{dF n Vg) ® H2{D, dD)), where £> is a real 
2— disc, hence it is free of rank 4t^A{G) — ^A{Tc), the number of components of 
dF n Vg. Since the monodromy is trivial in a neighbourhood of dF n V^, we get: 

Lemma 17.1.1. The characteristic polynomials of the restriction of the Milnor 
monodromy action of F on dF and on dF \ Vg satisfy 

PHi{dF),Mit) = PHi{dF\Vg},M{t) ■ {t - 1)-™"'=*'"^, 

where 

(17.1.2) 1 < rank imd< #A{G). 

Here, the first inequality follows from the fact that Hi{dF) ^ Hi{dF \ Vg). 
Indeed, consider a component of dF n Vg and a small loop around it in dF. Then 
its homology class in Hi{dF) is zero, but it is sent into ±1 G Hi{S^) by arg(f/)*, 
hence it is non-zero in Hi{dF \ Vg). 

At this generality, it is impossible to say more about rank im d: both bounds in 
(|17.1.2p are sharp. E.g., one can prove (see section ff 22[ ), that if / is homogeneous of 
degree d, and the projective curve C = {/ = 0} has | A| irreducible components, then 
rankimd = d — |A| + 1 (and d = #^(G)). Therefore, in the case of arrangements 
rankimd = 1, and if C is irreducible then rankimd ^ d = ^A{G). 

17.2. The fibrations arg(5). By (|4XT1) . the fibration arg(g) -.dFXVg-^S^ 
is equivalent to the fibration ^~^{dDs) dDg with fiber F,f, and monodromy 
TO*,«er, the Milnor monodromy being identified with the induced monodromy by 
m^^hor- Therefore, from the Wang exact sequence of this second fibration we get 

(17.2.1) PHi{aF\Vg),Al{t) = ^ 1) • ^M9>,feo^|cofeer(M3.,„„-/)(^)- 
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This formula can be 'localized' (around the singular locus): the Wang exact se- 
quence of the fibration d2.jF —f provides 

(17.2.2) PHi{d2,jF),M{t) = - 1) • PMf,^^^\coker{Mf^^^^-I)i't)- 

Since the horizontal (Milnor) monodromy on diF is trivial, the left hand side of 
(|17.2.ip differs from the product (over j) of the left hand side of l|17.2.2p only by a 
factor of type {t — 1)^. This, of course, is true for the right hand sides too. 

On the other hand, by l|4.3.ip . (i?i (92jF), M*^^^, M*^^^) is the 'd-covering' 
oi {Hi{F'^,M'. f^^^,M'j^^^^) (cf. I|16.1.9P ). Therefore, the generalized 1-eigenspace 
of their vertical monodromies can be identified: 

(17.2.3) (iJi(92j^')M*„.^,l' -^J>or: Mf,ver) = (HliFj) m;^^^^^,1, M-,hory ^j,ver)- 

In particular, 

(l'^-2-4) -^A/*ho,|cofcer(M*„^^-/)(*) = -^Mj ,^^^ |cofeer(A/j (0 ' 

the second polynomial being computed at the level of the homology of the local 
transversal fiber Hi{F^). Summing up, we get that 

(17.2.5) PH,iOF),Mit) = it- ■IlPM'^,,.^\cokeriM'^_^^^-I){t), 

j 

for some integer N. This shows clearly, that in order to determine the character- 
istic polynomial PHi(dF),Mi we need to clarify the Jordan blocks of M'j with 
eigenvalue 1 (or, more precisely, the triplet iF[i{F-)M'. Mj ,^^^, M- ,^^^), and 
additionally, the rank of Hi (dF) which will take care of the integer N in (|17.2.5p . 
For the number of Jordan blocks we will use the following notation: 

Definition 17.2.6. Let be the number of Jordan blocks of the operator 

M of size k and with eigenvalue A. 

17.2.7. In fact, it is useful (and instructive) to study in parallel both 'local' 
(i.e. the right hand side of l|17.2.5p ) and 'global' (the right hand side of (|17.2.ip ) 
expressions. 

Accordingly, it is convenient to introduce the following polynomials: 

Definition 17.2.8. Let P'^it) be the characteristic polynomial of M^ ^or in- 
duced on the image of {Mq,^yer — I) on the generalized 1-eigenspace i?i(-F$)M4. „er,i- 

Similarly, for any 1 < j < s, let Pf{t) be the characteristic polynomial 
of Mj induced on the image of (Afj — I) on the generalized 1-eigenspace 
Hi{F^)m'-^^^^,i- 

Clearly, P*{t) has degree ^fM^^yer while the degree of P*{t) is #?Mj 

Since the characteristic polynomials of the horizontal monodromies acting on 
Hi{F,s,)m^,^,^^,i and Hi{F-)m^ are determined in (|16.2.10p . the above facts give 

Lemma 17.2.9. 

PM.,.„.i^.(an^»)W = fe^- n (if™-- )-i)^-+^™-. 



Moreover, for any j 



P*(t) 



{t-\f 



§18. THE RANKS OF Hi{dF) AND Hi(aF\Vg) VIA PLUMBING. 



85 



Since m„ = 1 for w ^ Uj>V(r2 ^.), P*{t) = JJ^ P*{t) up to a factor {t - 1)^. 

Therefore, if one combines l|17.2.9p and IjlT.l.ip . one gets that in order to 
determine PHi(dF),M{t) one needs to find P'^it) (or, equivalently, all Pf{t)) and 
the rank of Hi{dF). In the next sections we will treat these missing terms by 
different geometric methods. 

17.2.10. Final remark. In order to understand the homology of 9F, one does 
not need any information regarding the generalized (A ^ l)-eigenspaces of Mi^^^^r 
and although they codify important information about the ICIS <&. This 

will be the subject of a forthcoming research. Nevertheless, for / homogeneous, we 
will determine the complete Jordan-block structure via the identities (|22.2p . see 
((22:61) . 

§ 18. The ranks of Hi{dF) and Hi{dF \ Vg) via plumbing. 

18.1. Plumbing homology and Jordan blocks. We start with some gen- 
eral facts regarding the rank of the first homology group of plumbed 3-manifolds. 
The statements are known (at least) for negative definite graphs (see e.g. [44] and 
the cited references in it); here we will consider the general case. 

For simplicity, we will state the results for the 3-manifolds dF, OF \ Vg and 
d2,jF (hence for graphs G™ ~ G and G^^- ~ Gaj, cf. i|12.4.ip and l|12.5.3p ). 
although they are valid for any plumbed 3-manifold. 

In the next definition, Gr denotes either the graph G™ or G™^ (or any other 
graph with similar decoration, and with non-arrowheads W and arrowheads A). 

Definition 18.1.1. Let A he the 'intersection matrix' ofGr, i.e. the symmetric 
matrix of size #yV x #W whose entry ayjy is the Euler number of w if w = v, while 
for w ^ V it is eg, where the sum is over all edges e connecting w and v, and 
te e {+,— } is the edge-decoration of e. 

Furthermore, let I he the 'incidence matrix' of the arrows of Gr, defined as 
follows. It is a matrix of size #>V x jj^A. For any a E A let Wa he that non- 
arrowhead vertex which supports the arrow of a. Then, for each a G A, the entry 
{a,Wa) is 1, all the other entries are zero. 

The matrix {A, I) of size jfW x {4fW + #.4) consists of the blocks A and /. 

Set corank(A)Gr ■= #W — rank(A) and corank{A,I)Qr '.— ifW + if A — 
rank{A, I). 

Lemma 18.1.2. For any G™ G and G™^ G2j one has 

rankHiidF) = 25(G") + c(G") + corank{A)Grr^ , 

rank Hi {dF \ Vg) = 2g(G™) + c(G") + corank{A, I)g^ , 

rankHi{d2,jF) = 2g{G'^^^^) + c{G^^^) + corank{{A, I)g'^.J (1 < J < s). 

In particular, for rank im d from f 17. 1.1]) one has 

rank im d = corank{A, I)g"^ — corank{A)G^^ ■ 

Proof. Let X be the plumbed 4-manifold associated with a plumbing graph 
Gr obtained by plumbing disc-bundles. Assume that the arrowheads of Gr rep- 
resent the link K C dX. Consider the homology exact sequence of the pair 
{X,dX\K): 

H2{X) ^ H2{X,dX\K) ^ Hi{dX\K) ^ Hi{X) ^ Hi{X,dX\K) 

Notice that Hi{X, 9X \ if) = H^{X, K) = 0, while H2{X, dX\K) ^ H^{X, K) = 
H'^{X) (B H^{K) (since K ^ X is homotopically trivial). Moreover, the morphism 
i can be identified with {A, I). Since the rank of Hi{X) is 2g{Gr) + c{Gr), the 
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second identity follows. Taking K = A = 9 above gives the first identity. The last 
one follows similarly. □ 

Remark 18.1.3. Since Hi{X,Z) is free, the same argument over Z shows that 
Hi{dX,7j) = coker{A). The point is that coker(A) might have a torsion 

summand, see e.g. I|22.3.ip . 

I|18.1.2p via (|17.2.ip and l|17.2.2p reads as 

Corollary 18.1.4. 

dim coker{M^^^er - I) = '2g{G"') + c{G"') + corank{A, I)g^^ - 1, 
dim coker{M'^^^^^ - I) = 2g(G^^.) + c(G^V) + corank{{A, I)g^^^ ) - 1 (1 < j < s). 

This combined with l|16.4.5p gives 
Corollary 18.1.5. 

#?M$,,er = c(G™) - corank{A,I)G'^ + #^(G), 
#?M;_,,, = c{Gl^) - corank{{A, I)g^^^ ) + (1 < j < s). 

Remark 18.1.6. Although c(G) and g{G) can be computed easily from the 
graphs Tc or G, for the ranks of the matrices A and [A, I) the authors found no 
'easy' formula. Even in case of particular concrete examples their direct computa- 
tion can be a challenge. These 'global data' of the graphs resonates with the 'global 
information' codified in the Jordan block structure of the vertical monodromies. 

Remark 18.1.7. Clearly, the integers g{Gr), c{Gr) and corank{A)Gr might 
change under the reduced calculus (namely, under R4), see e.g. the construction of 
the 'improved' algorithm (|14.2p . or the next typical example (from l|22.9p (3c)): 

3 

3 ~ • (oriented handle absorption) 
[1] 




For the first graph A 




3 



, hence corank{A) = c = 1 and .g = 0, while for the 



second one corank{A) = c = and g = 1. 

On the other hand, the following graph-expressions are independent of the 
construction of G and they are also stable under the reduced plumbed calculus (in 
fact, the expressions 2g{G) + c(G) + corank{A)G and 2g{G) + c(G) + corank{A, I)g 
are stable even under all the operations of the oriented plumbed calculus) : 

• #y^(G), g{G) + c(G), cf. 1116.4.101) : 

• g{G) + corank{A)G and g{G) + corank{A,I)G, cf. (|18.1.2p : in particular, 
corank{A, I)g — corank{A)G and c(G) — corank{A) as well; 

• and all these expressions with G2.j instead of G. 

18.2. Bounds for corank{A) and corank{A,I). Remarks. 

18.2.1. (a) Bounds for coronA:(A,/)G.". From (|18.1.5p and #W > rankiA. I). 
we get 

(18.2.2) #A{G) < corank{A, I)g^^ < c(G™) + #A{G). 

These inequalities are sharp: the lower bound is reaHzed e.g. when / is homogeneous 
(see l|22.3.3p '). while the upper bound by cylinders (see l|25.1.5p ). Decreasing c(G'") 
by (reduced) calculus, we decrease the difference between the two bounds as well. 

(b) Bounds for corank{A)G^. By l|18.1.2p and the left inequality of l|17.1.2p 

(18.2.3) corank{A)G^ < corank{A, I)g^^ ~ 1. 
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This and l|18.2.2p imply 

(18.2.4) < corank{A)G^ < c(G") + #A{G) - 1. 

Here again both bounds can be reahzed, the lower bound for / irreducible homo- 
geneous, of. I|22.4.7p . while the upper bound for cylinders, see (|25.1.5p . 

Remark 18.2.5. Finally, since corank{A, I)G^7^ > #A{G), l|18.1.5p implies 

(18.2.6) #?M$,.er < 0(0"), 

and, similarly, for any j 

(18.2.7) #lM;^.er < c(G^,)- 

In particular, if we succeed to decrease c(G™) by reduced calculus, we get a better 
estimate for the number of Jordan blocks. In particular, c(G), in general, is a much 
better estimate than c(G). 

In light of l|4.2.ip . the global inequality (|18.2.6p reads as follows: Fix a germ 
/ with 1-dimensional singular locus, and choose g such that $ = (/,<?) forms an 
ICIS. Consider the fibration arg(5) : dF\Vg ^ S^. Then l|18.2.6p says that the 
number of 2-Jordan blocks with eigenvalue 1 of the algebraic monodromy of the 
fibration a.Tg{g), for any germ g, is dominated by c(G™). The surprising factor here 
is that G™ is a possible plumbing graph of dF, and dF is definitely independent 
oi g. (Nevertheless, G™ is constructed via the pair {f,g), and it is not clear for the 
authors what kind of information it still keeps in it about g.) 

It is instructive to compare the above identities with inequalities with similar 
statements valid in the world of complex geometry: 

Remark 18.2.8. 

(a) Assume that {X, o) is a normal surface singularity. Let Gx be (one of 
its) dual resolution graphs; it is known that its intersection matrix A is negative 
definite. 

Let g : (^,0) (C,0) be the germ of an analytic function which defines 
an isolated singularity on {X, o) , and consider the (generalized) Milnor fibration 
arg(g) : dX \Vg ^ (here dX is the boundary of a small Stein representative). 
Let Fg be the Milnor fiber and Mg the algebraic monodromy acting on Hi [Fg , C) . 
Then, e.g. by [SI (3.18)], one has 

(18.2.9) rankHiiFg) - 2g{Gx) + 2c{Gx) + ifAiGx) - 1, 

(18.2.10) dimfcer(Mg-/) = 2g(Gx) + c{Gx) + #A{Gx) - l- 

(Notice that l|16.4.6p and (|18.1.4p are the generalizations of the above identities.) 

In particular, 4fi{^g) = c{Gx)- Moreover, c{Gx) is independent of the choice 
of the resolution graph Gx (recall that in this case we only use the blowing up/down 
operations). I.e. c{Gx) depends only on the 3-manifold dX, the link of X, and it 
is definitely independent of the choice of g. Therefore, 4fi{Mg) is also independent 
of the choice of the germ g. (Notice the similarities with l|18.2.6p .) 

(b) Furthermore, in the situation of (a) (compare with (|18.1.2p too), AmiHi{dX) — 
2g{Gx) + c{Gx)- In this case both g{Gx) and c{Gx) are graph-independent, 
and they have the following Hodge theoretical interpretation. If W denotes the 
weight filtration of Hi{dX) (induced by the analytical structure of (X, 0)), then 
dimGr^iHiidX) = 2g{Gx) and AiuiGr^ Hi{dX) = c(Gx) (and all the other 
graded components are zero). Hence, in this situation, Gr^ Hi{dX) is topological. 

(c) Let us analyze how the facts from (b) are modified if we consider more 
general situations. Assume that y is a smooth complex surface and C C V a normal 
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crossing divisor (with all irreducible components compact). We will denote by (the 
same) V a small tubular neighbourhood of C. Then the oriented 3-manifold dV can 
be represented by a plumbing graph — the dual graph of the configuration C; let we 
denote it by Gc- Similarly as above, A denotes the associated intersection matrix 
of Gc (equivalently, the intersection matrix of the curve-configuration C) . Again 
(as in l|18.1.2p ). dimHi{dV) = 2g{Gc) + c{Gc) + corank{A). Moreover, Hi{dV) 
admits a mixed Hodge structure with weight filtration W , and dimG'rl;^^iJi(9T^) = 
corank{A), Aixn Gr'^^HiidV) = 2g{Gc) and dim Gr"^ Hi{dV) = c{Gc) (and all 
the other graded components are zero), cf. [20, (6.9)]. 

The point is that now this decomposition depends essentially on C and the 
analytic embedding of C into V ^ and, in general, cannot be deduced from the 
topology of dV alone. (Compare e.g. when C is the union of three generic lines 
in the projective plane with the case when C is a smooth eUiptic curve with self- 
intersection zero). This discussion shows that in this situation, in order to keep 
the information regarding the weight filtration in dV , we are allowed to use only 
those calculus-operations which preserve c(Gc)i g{Gc), respectively corank{A). 
In particular, the oriented handle absorption should not be allowed. 

§ 19. The characteristic polynomial of dF via P* and P*. 

19.1. The characteristic polynomial of coverings G —*Tc and G — > Fc. 

In order to continue our discussion regarding the polynomials and Pf" ,l<j<s 
(cf. (|17.2.8p - l|17.2.9p ). we have to introduce and discuss some natural 'combinato- 
rial' characteristic polynomials associated with the involved graph coverings. 

Consider the cyclic graph covering G ^ Tc, cf. I|12.3p . Recall that above a 
vertex w e W{Tc) there are n^. vertices, while above e € £w(rc) exactly rig edges 
of G, where the integers n^, and rig are given in (|12.3.2p and l|12.3.6p of the main 
algorithm. In particular, they can be read easily from the decorations of Tq. The 
cyclic action on G permutes the vertices, respectively edges of the covering cycHcally. 
Let \G\ be the topological reaHzation (as a topological connected 1-complex) of the 
graph G. Then the action induces an operator, say ^dG]), on Hi{\G\,C). 

Similarly, we consider the covering G — > Fc from (|14.2p . The vertices of Fc 
are the contracted subtrees [F^an]; and above [Fuan], in G there sit exactly nr„„„ 
vertices. Those edges of Fc which do not support arrowheads are inherited from 
those edges £^ of Fc which connect non-arrowheads and are not vanishing 2-edges. 
Each of them is covered by He edges. The cycHc action induces the operator f)(|G|) 
oni7i(|G|,C). 

Definition 19.1.1. We denote the characteristic polynomial o/f)(|G|) (respec- 
tively o/f)(|G|); 62/ P|,(|G|)(0 (resp. hy P^^^^^Q^.^{t)). 

By the connectivity of G and G, and by the fact that the cyclic action acts 
trivially on Ho{\G\) = Ho{\G\), we get 



Lemma 19.1.2. 



n(iGi)W = (^-i) 



n«,ew(rc) (^"™ ~ -*-) 

ne..^(F.) - 1) 



19.1.3. We list some other properties of these polynomials: 

(a) Their degrees are rank Hi{\G\) = c(G) and rank Hi[\G\) — c{G). 

(b) Analyzing (|14.1.3p . one sees the divisibility -P^idgi) I ^fi(|G|)- 
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(c) By l|19.1.2p . the multiplicity of the factor (i— 1) in Pf|(|(3|)(i) is exactly c(rc). 
This fact remains true for P[^(^\q\^) too, since each T^an is a tree and c{Tc) = c{Tc)- 
Hence 1 is not a root of the polynomial -Ffi(|G|)/^i,(|g|)- 

(d) It might happen that c(G) > c(rc), see e.g. I|22.6.2p . hence \){\G\) might 
have non-trivial eigenvalues. 



19.1.4. Obviously, all the above discussion can be 'localized' above the graph 
r^. With the natural notations, we set 

A(|G.„|)W = (i-l) 



rieefwCrg,^) 


-1) 


n«,6iA;(r| .) 


-1)' 


nee£w(ri,,) (^"^ 


~1) 


nr„„„cri,^ (*"^""" 


-1) 



In fact, (the product over j of) these localized polynomials contain all the non- 
trivial eigenvalues of -Pf|(|G|) ^-nd ^f)(|G|) respectively. Indeed, in the formulae of 
(|19.1.2p . if w is a vertex of Tq then n^, = 1. Similarly, if e is an edge with at least 
one of its end-vertices in F^, then Ue = 1 as well. 

19.2. The characteristic polynomial ofdF. In this subsection we compute 
the polynomials and Pj^ under some additional assumptions. Via (|17.2.9p and 
(|17.1.ip this is enough (together with rank Hi(dF)) to determine the characteristic 
polynomial of the horizontal/Milnor monodromy of Hi{dF). 

Let Tc be the graph read from the resolution as in l|7.1.3p . it might have some 
vanishing 2-edges (which are not ehminated by blow ups considered in l|12.1.2p ). 

Definition 19.2.1. Let Gr he either the graph Tq, or F^^ for some j. We 
say that Gr is 'unicolored', if all its edges connecting non-arrowheads have the 
same sign- decoration and there are no vanishing 2-edges among them. We say that 
Gr is almost unicolored, if those edges which connect non-arrowheads and are not 
vanishing 2-edges, have the same sign-decoration. 

Consider the polynomials P|, (I G I )(i) and Pijdc^ ^D(t) introduced in l|19.ip . Recall 
that their degrees are c(G) and c{G2j) respectively. 

Theorem 19.2.2. 

(I) For any fixed j, the polynomial Pf{t) divides the polynomial Pfid^^ ^. |)(t). 
Moreover, the following statements are equivalent: 

(a) pf(i) = P^(|G.,|)(<) 
(19-2.3) [h] #2Mj,_=c(G2.,) 

(c) corank{A,I)c2_, = #£cut,j- 

These equalities hold in the following situations: either (i) F^ ^- is unicolored, or 
after determining the graph G via the Main Algorithm ^2.3]) . it is such that either 
(a) c(G2.j) = 0, or (Hi) corank{A, I)g2 . = ^£cut,j holds. 

(II) The polynomial P'^ {t) divides the polynomial Ptj(\G\){t) ■ 
Moreover, the following statements are equivalent: 

(a) P#{t)=P^(^G\){t) 
(19.2.4) (b) #2Af$,,er = c(G) 

(c) corank{A,I)G = #A{G). 

These equalities hold in the following situations: either (i) Tc is unicolored, or after 
finding the graph G, it turns out to have either (ii) c{G) — Q or (Hi) corank{A, I) = 
*A{G). 



90 VIII. HOMOLOGICAL INVARIANTS OF OF AND OF \ Vg 

But, even if \19.2.4^ does not hold, one has 

(19.2.5) P'^it) ~ ^fi(|G|)(^) up to a multiplicative factor of type {t — 1)^ 

whenever fl9.2.3]} holds for all j. 

Remark 19.2.6. The equivalent statements (|19.2.4p are satisfied e.g. by all 
homogeneous singularities (by (|22.3.3p ). or by all cylinders, provided that the alge- 
braic monodormy of the corresponding plane curve singularity is finite (cf. I|25.1.5p ). 
Nevertheless, they are not satisfied by cylinders, which do not satisfies the above 
monodromy restriction. Nevertheless, their case will be covered by the 'improved' 
version (|19.2.1ip . 



The proof of l|19.2.2p is given in |§ 20[ The major application targets the char- 
acteristic polynomials of the monodromy acting on Hi (OF) : 

Theorem 19.2.7. Assume that ^9.2.3]) holds for allj, or {19.2.4\) holds. Then 

f-i _ T \2+corank{A)G-#A{G) 

p..(o.),M(t)=^^^%-— ^ n (t(™--)-if--^'^-. 

In particular, one has the following formulae for the ranks of eigenspaces: 

(19.2.8) rankHi{dF)i = 2g{Tc) + c{rc) + corank{A)G, 

(19.2.9) rankHi{dF)^i = 2g{G) + c{G) - 2.g(rc) - c(rc). 

More generally, in any situation (i.e. even if the above assumptions are not sat- 
isfied), there exists a polynomial Q with Q{1) ^ 0, which divides both Ptj(\G\) O'^'d 
n.GW(rc) (t(™™'"-) - 1)2^™ +^".-2, such that 

Fm{dF),M (t) = ■ 11 (t' ™^ - 1) , 

where N = 2 + corankiA)G - #A{G) - c{G) + deg(Q). 

Proof. Use (|16.2.10p . I|18.1.2p . (|18.1.4p and (|19.2.2p . □ 

Corollary 19.2.10. Assume that ^9.2.3]) holds for all j, or ^9.2.4\ ) holds. 
Then the following facts ( over coefficients in C) hold: 

(a) Ag has a (generalized) eigen-decomposition {AG)\=i®{AG)\=jLi, and {Ag)\^i 
is non-degenerate; 

(b) Consider the subspaces im[W{X)i H'{dX)i] C H\dX)i for 
i — 1,2. Then codimif^ — dimK^ = corankiA)G . Moreover, the cup-product 
H^(dF)x U H^{dF)^ H'^{dF)\^ has the following properties: 

(1) H\dF)x U H\dF)fi = forly^X^-i^l; 

(2) ©A^i H\dF)x U H^idF)j C K^; 

(3) (®A#i HHdF)x)UK^ =0; 

(4) K^UK^ C K^; 

(5) K^UK^ = 0. 

Proof. We combine the proof of (|18.1.2p with ^EM- Write X 5fc, and 
consider the cohomological long exact sequence associated with the pair {X,dX). 
The map H^{X, dX) H'^{X) can be identified with Ag. The sequence has a gen- 
eralized eigenspace decomposition. For eigenspace A 7^ 1, via (|19.2.9p and l|13.9.ip . 
we get that the natural inclusion H^{X)\^i H^{dX)x^i is an isomorphism. 
Hence {Ag)\^i is non-degenerate. 

For the second part, lift the classes of H^{dX) to H^{X) before multiplying 
them. (5) follows from H^{X) = 0. (Cf. also with [70].) □ 
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Such a result, in general, is the by-product of the structure-theorem regarding 
the mixed Hodge structure of the cohomology ring (i.e., it is the consequence of the 
fact that has no such weight where the product would sit). Compare also with 
(|18.2.8p and the open problem (|30.1.5p from |§ 30l 

The next theorem, based on the 'Collapsing Main Algorithm' and the corre- 
sponding improved version of the proof of l|19.2.2p . provides a better 'estimate' 
in the general case and in the special (almost unicolored) cases handles the pres- 
ence of vanishing 2-edges too. Consider the polynomials -P|,(|(g|)(0 -P|j(|(3^d(0 
introduced in (|19.ip . Recall that their degrees are c(G) and c{G2j) respectively. 

Theorem 19.2.11. 

(I) For any fixed j , the polynomial Pf{i) divides the polynomial P^i^^^ y^{t). 
Moreover, the following statements are equivalent: 

(19-2-12) [h) #?Mj,_=c(G2,,) 

(c) corank{A,I)^^=#£cut,j- 

These equalities hold in the following situations: either (i)T^c j is almost unicolored, 
or after determining the graph G via the Collapsing Main Algorithm pj^, G turns 



out to be such that either (ii) c{G2.j) = 0, or (Hi) corank{A, I)(=r^. = #£cut,j holds. 

(II) The polynomial P'^ {t) divides the polynomial P^^^Q^-^{t). 
Moreover, the following statements are equivalent: 

(a) P#(t) = P^(|g|)(i) 

(19.2.13) (&) #lM^^^,r ^ c{G) 

(c) corank{A,I)Q = #A{G). 

These equalities hold in the following situations: either (i) is almost unicolored, 
or after determining the graph G, it is such that either (ii) c(G) — or (Hi) 
corank{A,T)Q = #A{G). 

But, even if !119.2.13\} does not hold, one has 

(19.2.14) P'^it) = -Pfi(|G|)(^) '"^ multiplicative factor of type [t — 1)^ 
whenever ^9.2.12]) holds for all j . 

This impHes: 

Theorem 19.2.15. Assume that ^9.2.12]) holds for all j, or 1^19.2.13]) holds. 
Then 

PH,{dF)M (t) - p , (.^ 11 ^ - 1) " 

In particular 

(19.2.16) rankHi{dF)i = 2g{Tc) + c{Tc) + corank{A)Q, 

(19.2.17) rank Hi{dF)^i ^ 2g{G) + c{G) - 2g{Vc) - c{Vc)- 

More generally, in any situation (even if the above assumptions are not satis- 
fied), there exists a polynomial Q with Q{1) ^ 0, which divides both -Ppidgi) (^nd 

U^ewiFc) (i("™'"-) - 1)^^-+'--^, such that 

Pm(OF^,M{t)^^-^^- n (t(™™--) - 1)2^™+^™-^ 
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where N = 2 + corank{A)Q - #A{G) - c{G) + deg(Q). 

Corollary 19.2.18. Assume that 1119.2.12]) holds for allj, or ^9.2.13]) holds. 
Then the statement of f 19. 2. 10]) is valid provided that we replace G by G. 

§ 20. The proof of the characteristic polynomial formulae. 

20.1. Counting Jordan blocks of size 2. The proof is based on a specific 
construction. The presentation is written for the graph G (later modified to fit G), 
but it can be reformulated for G2,j too. 

20.1.1. mq,^yer as a quasi— periodic action. We wish to understand the 
geometric monodromy m^^yer : -F$ —> F$. For this discussion our model is the 
topology of fibred links, as it is described in section 13 of |18) . (Although, in 
[loc.cit.] the machinery is based on splice diagrams, section 23 of |18| gives the 
necessary hints for plumbing graphs as well.) 

Nevertheless, our situation is more complicated. First, in the present situation 
we will have several local types/contributions — in fact, three; two of them do 
not appear in the classical complex analytic case [18]. Second, that basic property 
which is satisfied by analytic germs defined on normal surface singularities, namely 
that a 'variation operator' has a uniform twist, in our situation is not true (it is 
ruined by the new local contributions). 

Consider the graph Fc from |§ 7[ For simplicity we will write £, W, etc. for 
£{Tc), W(rc), etc. It is the dual graph of the curve configuration C C V^"^^, where 
r : V^"^^ — s- is a representative of an embedded resolution of (F/UVg, 0) C (C^,0). 
Then, by l|8.5.2p . for any tubular neighbourhood T(C) C V"""'' of C, one has an 
inclusion (<& o r)^^(co, rfo) for (co,(io) G ^ri,M- for simplicity, we write F$ for the 
(diffeomorphically) lifted fiber ($ o r)~^(co, do) of <&. 

Moreover, consider the decomposition l|8.5.3p of ^$ too. More precisely, for 
any intersection point p G Ci, n C„ (or, self-intersection point of \i v = u), 
which corresponds to the edge e £ E oiVc, let T(e) (respectively T°{e) ) be a small 
closed ball centered at p (respectively its interior). Then, for (co,(io) sufficiently 
close to the origin, F$ n T(e) is a union of annuli. Moreover, F$ \ UeT°(e) is a 
union U^gv^u, where F„ is in a small tubular neighbourhood of (we V). 

If V is an arrowhead supported by an edge e, then the inclusion FyC\dT{e) C 
admits a strong deformation retract. Hence the pieces {Ft,}^^^ (and the separating 
annuli {F$ n T(e)}eg£\£^^) can be neglected. Thus, we will consider only 

h--=h\{ U T(e)u|J^.)- 

ee£\£w v<^A 

In particular, F| is separated by the annuli {F$ nr(e)}eG£vv surfaces {i^-i«}u)eW; 
and each F^, is the total space of a covering, where the base space is \ UeT(e) 
and the fiber is isomorphic to Vw := V from the Key Example l|16.1.3p . 

Moreover, one might choose the horizontal/vertical monodromies of F| in such 
a way that they will preserve this decomposition, and their action on Fyj will be 
induced by the permutations a^^hor '■— o'hor, respectively aw^ver '■= cr^er acting on 
Vw (cf (|16.1.3p ). This shows that TO$,«er is isotopic to an action m^^^e^, which 
preserves the above decomposition, and its restriction on each F^ is finite. Let q be 
a common multiple of the orders of {(Jyj^ver}w<^w- Then m|, is the identity on 
each Fw, and acts as a 'twist map' on each separating annulus. In the topological 
characterization of m$ „er, this twist is crucial. 
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Definition 20.1.2. [HI § 13] Let h : A ^ A be a homeomorphism of the 
oriented annulus A = y. [0,1] with h\dA = id. The (algebraic) twist of h is 
defined as the intersection number 

twist(/i) := (.T, var/i(a;)), 

where x G Z) is a generator, and vaih : Hi{A,dA,'Z) Hi{A,'L) is 

defined by var/,,([c]) — [h{c) — c], for any relative cycle c. 

More generally, if B is a disjoint union of annuli and h : B ^ B is a homeo- 
morphism with h''\dB = id for some integer q > 0, define, for any component A of 
B, 

twisi{h;A) := - twist{h''\A). 

Notice that twist(/i; A), defined in this way, is independent of the choice of q. 

Example 20.1.3. In the 'classical' situation one considers an analytic family of 
curves (over a small disc), with central fiber a normal crossing divisor and generic 
fiber smooth. The generic fiber is cut by separating annuli, which sit in the neigh- 
bourhood of the normal crossing intersection point of the central fiber. Around 
such a point, in local equations {u,v) G (C^,0), the family is given by the fibers 
of f{u, v) = u°'v^ for two positive integers a and b, and the union of annuH is the 
fiber /~^(e) intersected with a small ball with center at the origin (and e is small 
with respect to the radius of this ball). It consists of gcd(a, b) annuli. The (Milnor) 
monodromy action h is induced by [0,27r] 9 f i-^ /~^(ee**). In order to make the 
computation, one must choose h in such a way that its restriction on the boundary 
'near' the x-axis is finite of order a, and similarly, on the boundary components 
'near' the y-axis is finite of order b. Then, one can show (see e.g. [18^ page 164]) 
that the twist, for each connected component A, is 

. Kcd(a, 6) 

twist(/i; A) = \' . 

ab 

20.1.4. In fact, in most of the arguments, what is really important is not the 
value of the twist itself, but its sign. We say that we have uniform twist, if for all 
the annuli the signs of all the twists are the same. 

Example 20.1.5. In our present situation of l|20.1.ip . we are interested in the 
twist of the separating annulus associated with the edges e € Sw- Depending on 
the fact that the edge is of type 1 or 2, we have to consider two different situations. 
For both cases we will consider the local equations from l|7.2p . 

If e is a 1-edge, then the fiber (union of annuH) and the (vertical) monodromy 
action is given by 

= c, v^w^ = de** (with (c, d) constant, and t £ [0, 2t:]). 

If e is a 2-edge, then the fiber (union of annuli) and the (vertical) monodromy 
action is given by 

u^-y^'w" = c, w"" = de** (with (c, d) constant, and t G [0, 27r]). 

We invite the interested reader to compute the corresponding twists exactly in both 
cases; in the present proof we need only the following statement. 

Lemma 20.1.6. Fix an edge e £ Syv, set B :— (1 T{e), and let A be one of 
the connected components of B. 

(a) If e is a 1-edge, then iwisi{h;A) < 0. 

(b) If e is a non-vanishing 2-edge, then twist{h- A) > 0. 

(c) If e is a vanishing 2-edge, then twist (h; A) = 0. 
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Proof. The first case behaves as a 'covering of degree to' of the classical 
case v^w^ = e** {t g [0, 27r]), see (|2Q.1.3p . The monodromy of the second case 
behaves as the inverse of the monodromy of the classical monodromy operator: 
y^m^m _ ^-mt/v g [0, 27r]). Finally, assume that n = 0. Then the restriction 
of the vertical monodromy to dB has order hence one can take q = v. But h'^ 
extends with identity on the whole B. The details are left to the reader. □ 

20.1.7. Now we continue the proof of l|19.2.2p . The structure of the 2- Jordan 
blocks of M^^yer IS codificd in the following commutative diagram (cf. [HI (14.2)]): 



Above we use the following notations: i^w '■— U^gvv^uj, B :— Uee£w(F^ H 
T(e)), (7 is a positive integer as in l|20.1.ip . hence M| is unipotent, var is the 
variation map (associated with m| ^g^), exc is the excision isomorphism, and finally 
T is the composite var o exc. The horizontal lines are homological exact sequences. 

Since B is the disjoint union of the separating annuli, var is a diagonal map. 
On the diagonal, each entry corresponds to an annulus A, and it equals the integer 
q ■ twist(TO$ ,;er; A) determined in l|20.1.6p . 

Obviously, the number of all 2- Jordan blocks of Af$,t,er is dimim(M| — I). 
On the other hand, by the commutativity of the diagram, 

(20.1.8) ini(M|_„^^ - I) ^ J r(im(z)) ~ im(i)/ker(j r|im(i)). 

The point in this is that im(Af| — /) appears as a factor space of im(i). 

20.1.9. In some cases im(M| — I) can be determined exactly. 

Assume that Tc has no vanishing 2-edges, i.e. the case (|20.1.6p (c) does not 
occur. Then all the diagonal entries of var are non-zero, hence both var and T are 
isomorphisms. The next lemma basically follows from |18t page 113]: 

Lemma 20.1.10. Assume thatTc is unicolored (cf. 1119.2.1]} }. Then the restric- 
tion of j o T on im(i) is injective. 

Proof. For any y,z Hi{F^, Fw), we consider the intersection number 
{y,Tz), denoted by {y,z). Since T is diagonal, and all the entries on the diag- 
onal have the same sign, the form (y, z) is definite. Assume that j Ti{x) — 0. Then 
= {x, j Ti{x)) = (i{x),Ti{x)) — {i{x),i{x)) , hence i{x) — 0. □ 

Therefore, if G is unicolored then the number of all 2-Jordan blocks of Mi^^^er 
is dimiTO(i). 

20.2. Characters. The corresponding Z^-characters of im(i) can be deter- 
mined by the following exact sequence (as part of the above diagram) : 

0^ im(z) Hiin,Fw) ^ Ho{Fw) Hoin) ^ 0, 

and the action of the vertical/horizontal monodromies on this sequence. In this 
proof we need only those blocks of M$ ,;er which have eigenvalue 1. 

The action of the algebraic vertical monodromy on each term of this sequence 
is finite (because it is induced by a permutation of the connected components of 
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the spaces Fyy and {B,dB)). The corresponding 1-eigenspaces form the following 

exact sequence: 

(20.2.1) 

> im(i)i,er,l > Hi{F^,Fvi/)verS Ha{Fw)verS > HQ{F^)yerS > 0. 

This sequence will be compared with another sequence which computes the sim- 
plicial homology of the connected 1-complex \G\. Namely, one considers the free 
vector space C^^wiG) ^ respectively C^^(G), generated by the edges £w{G) and 
vertices yV{G) of G, and let d' be the boundary operator. Then one has the exact 
sequence 

(20.2.2) — > Hi{\G\) c#^w(G) ^ c#w(G) _^ Ho{\G\) 0. 

Lemma 20.2.3. The two exact sequences (20.2.1]} and (20.2.2]) are isomorphic. 
Moreover, the horizontal monodromy acting on (20.2.1]} can be identified with the 
action on (20. 2. 2]) induced by the cyclic action of the covering G ^Tc. (The cyclic 
action of a cyclic covering G ^ T is induced by the positive generator of Z, cf. 

miM)-) 

Proof. It is enough to identify the second and the third terms together with 
the connecting morphisms, and their compatibility with the monodromy action. (In 
fact, the identification of the last terms are trivial: Ho{F^)yer,i = Ho{F,j,)yer,i = 
Hq{\G\) = C is clear since F$ and \G\ are connected.) The identification follows 
from the proof of the main algorithm. 

Recall, that in the previous subsections, we constructed a decomposition of 
F|, the lifted fiber ($ o r)~^(co,do)- Let us repeat the very same construction for 
($ o r)~^{dDco), where is the disc {(c, d) : c — cq} as in section [f4j or in the 
proof of (|13.3.3p . Let Tot{Fw) be the space we get instead of Fyv, which, in fact, 
is the total space of a fibration over with fiber _Fvv and monodromy the vertical 
monodromy. Since the geometric vertical monodromy permutes the components of 
Fw, the algebraic vertical monodromy M^^^^^s^ acts finitely on Hq{F-w), and 

the coker{M„ ,p ^ can be identified with Ho(Fw)ver i- Hence, by the Wang 

exact sequence of the above fibration, we get that Ho{Fw)ver,i = Ho{Tot{Fv\;)). 
On the other hand, in the proof of l|13.3.3p (complemented also with the second part 
of l|4.2.ip ). ^"^{dDco) n appears as a part of dSk- Therefore, Tot{Fw) appears 
as a part of dSk , that part which sits in the neighbourhood of the regular part of 
the compact components of C. Hence, by l|13.6.ip and l|13.8.ip . HQ{Tot{Fy\;)) is 
freely generated by the collection of curves sitting in the normalization SJ^"™ of Sk 
above the compact components of C. This is codified exactly by the non-arrowhead 
vertices of G. _ _ 

For the second terms, first notice that by the isomorphism exc : i/i(F|, Fw) 
Hi{B, dB), the rank of i?i(F|, i^vv) counts the separating annuli of F|. Now, we 
can repeat the entire construction and argument above for f w instead of W. Indeed, 
Hi{F^, -Fw)«er,i counts the separating tori (not considering those corresponding to 
the binding of the open book) of ($ o r)^^{dDcg), and this, by the proof of the 
main algorithm, is codified exactly by W. The details are left to the reader. 

Since all the maps and identifications are natural and compatible with the 
action of the corresponding horizontal monodromies, the morphisms d and d' and 
the actions of the horizontal monodromies are all identified. □ 

Now, we are ready to finish the proof of (|19.2.2p . By the above discussion, 
4fiM^^^er is equal to the dimension of / := im(i)„er,i/ker(:;' T|im(i))t,er,i, which is 
smaller than dim(z)i = dimiJi(|G|) = c(G). Moreover, P'^ is the characteristic 
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polynomial of the horizontal monodromy acting on /, which clearly divides the 
characteristic polynomial of the horizontal monodromy acting on Hi{\G\), which 
is P(,(|G|)- If c(G) = 0, or if c(G) = #?M$,„er (i-e., if corank{A,I) = cf. 
(|18.1.5p i. or if Tc is unicolored (cf. I|20.1.10p ). then P* = P|,(|g|)- 

20.2.4. The local case, valid for any j, follows by similar arguments if one re- 
places Tc by ^c.j- l^st sentence follows from (|17.2.9p . or the sentence following 
it. 

20.3. The proof of (119.2.1111 . The case of vanishing 2— edges revisited. 

Assume that Tq has a vanishing 2-edge e € £w, i.e the situation of l|20.1.6p (c) 
occurs. Let h := mci>^ver be as in l|20.1.ip . and fix q such that the restriction of h'' 
on Fw is the identity. The proof of (|20.1.6p (c) shows that ft-* can be extended by 
the identity map to F| fl T(e) too. In particular, in such a situation it is better to 
replace the space Fyy from the diagram l|20.1.7p by F-^ , defined as the union of Fyy 
with all separating annuli f] T{e) corresponding to the vanishing 2-edges from 
fyy. Moreover, we define B' as the union of the other separating annuH. Then one 
gets a new diagram (involving the spaces F|, F{^, B' , and morphisms i' and T') 
such that in the new 'collapsing' situation T' becomes an isomorphism. Then all 
the arguments above (complemented with the corresponding facts from section [§ 14| 
about the 'Collapsing Main Algorithm') can be repeated, and the second version 
(|19.2.1ip follows too. 

Example 20.3.1. If {f,g) is as in (|9.ip . then we have only vanishing 2-edges, 
hence F^y — F,p. Therefore, in the new diagram i/i(F|,F-j^) = 0. In fact, since 
v = I for all vertices, we can even take q — I (use e.g. (|16.1.3p ). hence in this case 
m^^yer is isotopic to the identity. (This can also be proved by a direct argument, 
see section § |§ 25p . 

§ 21. The mixed Hodge structure of Hi{dF). 

21.1. We beheve that a substantial part of the numerical identities and in- 
equalities obtained in the previous sections are closely related with general proper- 
ties of mixed Hodge structures (in the sequel abbreviated by MHS) supported by 
different (co)homology groups involved in the constructions. (For general results, 
terminology and properties of MHS, see e.g. [16], or |64|, I65|, I66j .) 

Although the proof of the existence of the mixed Hodge structure on Hi {OF) 
and the analysis of its properties exceed the aims of the present work, we decided 
to dedicate a few paragraphs to this subject too: we wish to formulate some of the 
expectations and to shed light on the obtained results from this point of view as 
well. Moreover, we wish to stimulate further research in this direction. 

21.1.1. Conjecture. Hi{F) carries a natural mixed Hodge structure, whose 
weight filtration W, is defined over Q, 

= W^_3 c W-2 C W-i CWa^ Hi{dF, Q), 

and for any graph G provided by the Main Algorithm one has: 

{corank{A)G if « = —2, 
2g{G) ifi = -l, 

c(G) if i = 0. 

Obviously, there is a corresponding dual cohomological statement: 

21.1.3. Conjecture. H^{F) carries a natural mixed Hodge structure, whose 
weight filtration W, is defined over Q, 

= W-i cWoCWiCW2^ H\dF, Q), 
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and for any graph G provided by the Main Algorithm one has: 

{corank{A)Q if i = 2, 
2g(G) ifi = l, 

c{G) if i = 0. 

Similarly, H'^{F) carries a natural mixed Hodge structure, whose weight filtration 
W, is defined over Q, 

= VFi C 1^2 C W^3 C W4 = H'^idF, Q), 

and for any graph G provided by the Main Algorithm one has: 

{corank{A)Q if i = 2, 
2g{G) if i = 3, 

c(G) if i = 4. 

Remark 21.1.6. 

(1) By 'natural' we mean that geometric maps induce MHS-morphisms. E.g., 
the monomorphism H^{F) ^ H^{dF) is strictly compatible with both weight and 
Hodge filtrations; namely, W^{H^{F)) = H^{F)f^Wl{H^{^F)) for any i (and there 
is a similar statement for the Hodge filtration too). 

Moreover, we expect that the cup product H^{dF) ® H^{dF) H^{dF) is 
compatible with the MHS, e.g. 

(21.1.7) W,{H\dF)) U Wj{H\dFj) C W^+J{H\^F)). 

E.g., if Ac is non-degenerate, then the cup-product H^{Y) §5 H^{Y) H^{Y) 
is trivial (reproving the result of Sullivan |70| . see also l|29.2p ). Moreover, (|21.1.7p 
can be compared with the list of inclusions of l|19.2.10p (b) provided that {Ag)\^i is 
non-degenerate. (But, in any situation, one might write down similar inclusions.) 

(2) The above Conjectures would have the following consequence: the numerical 
invariants corank{A)G, g{G) and c{G) associated with the graph G obtained from 
the Main Algorithm are independent of the choice of the resolution r (or, of the 
graph Tc used in the algorithm). Therefore, we emphasize again, if one wishes to 
keep in G™ all the information regarding the MHS of OF, one has to use only those 
operations of the reduced plumbing calculus which preserve these numbers, namely, 
one has to exclude the oriented handle absorption R5. 

(3) Conjecture l|21.1.3p can be compared (and is compatible) with results re- 
garding the MHS of links of normal surface singularities. (These type of results can 
be obtained from general purity results regarding the local cohomology of complex 
analytic spaces, or, for this particular case, one can also consult e.g. |21|.) Namely, 
if K is such a link, then the weights of H^(K) are < 2, while the weighs of H^{K) 
are > 2. 

(4) In the case of hypersurface singularities, the weight filtration of the van- 
ishing cohomology (i.e., of H*[F)) is related with the 'monodromy weight filtra- 
tion' associated with the nilpotent part of the monodromy operators (although one 
has to treat the two generalized eigenspaces H*{F)\^i and H*{F)x^i with differ- 
ent weight-conventions). In the present situation the corresponding fact is not so 
transparent. (We expect that one has to consider a more complicated direct sum 
decomposition determined by certain monodromy and variation operators, like in 
|61j . and on each block the weight-filtration is determined by these operators.) 

21.1.8. In |§ 24| (the case of homogeneous singularities) and in l|25.3p (the case 
of cyHnders) we provide evidences for the above Conjecture. 
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The case of homogeneous singularities. 

§ 22. The general case. 

22.1. Assume that / is homogeneous of degree d >2. In order to determine 
a possible Tc, we take for g a generic linear function. We will adopt the notations 
of section [fTo} where the graph Tc is constructed. Clearly 

#^(rc) = #A{G) = d. 

Moreover, dj — 1 for any j, hence 

(22.1.1) M'ji^^^ — M^j^^j. and Mj^^^ — Al*jg^. 

We start our discussion with the list of some specific properties of the geometry 
of homogeneous singularities (regarding the graphs Tc, G, or the ICIS <&). Then 
we will combine this new information with the general properties established in the 
previous sections. 

22.2. The first specific feature. The horizontal/vertical monodromies. 

Since / and g are homogeneous, by |63) . we get 

r Mj^„,, = (Mj_,„j-^^ 

In particular, for any of the pairs {Mj ,^^^,M'- ^q^) or {M^^^er, M^p^hor), the number 
of 2- Jordan blocks of the vertical operator coincides with the number of 2- Jordan 
blocks of the horizontal one. Moreover, the horizontal monodromies determine the 
corresponding Z^-representations . 

22.3. The second specific feature. The graphs G2.j- A 'short— cut' for 
G. Consider the graph Tc of section [fTo} In the Main Algorithm l|12.3p appHed for 
this Tc, one puts exactly one vertex in G, say v\, above a vertex v\ of Tc- If we 
delete all these vertices from G, we get the union of the graphs G2J, cf. I|12.5.3p . 
The point is that 

if we delete all the arrows and multiplicities of G2 j we get a 
possible resolution graph of the d-suspension of the transversal 
singularity with opposite orientation. 

More precisely, if f'j{u, v) — f\[s^.x) G \ {0}) cf. p.2p ) is the local equation of 
the transversal type plane curve singularity, then its c?-suspension is the isolated hy- 
persurface singularity {{w'^ — fj{u,v)},0). Then its Hnk with reversed orientation 
admits G2,j (with the above simplifications) as a possible plumbing graph. 

This follows from a comparison of the present Main Algorithm l|12.3p and the 
algorithm which provides the graph of suspension singularities, see e.g. \44\ . Sim- 
ilarly, it follows from the combination of (|4.3.ip f2) and l|22.2p too. (Compare also 
with 1(201 .) 

In particular, the graph G consists of the disjoint union of graphs of these 
suspensions (with opposite orientation) and |A| new vertices v\ (decorated by [g\]), 
altogether supporting d arrowheads. The edges connecting these new vertices to the 
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graphs are 0-edges and reflect the combinatorics of the 'identiflcation map' 
c (i.e. the incidence of the singular points on the components of C, see IjlO.ip ). 
The arrowheads are distributed as follows: each v\ supports dx arrowheads, all 
of them connected by a H — edges. The gluing property of the two pieces (i.e. of 
diF and d2F) is codifled in the Euler numbers of the vertices v\ in G. This is 
determined by l|5.1.2p . once we carry in the construction the multiplicity system 
of g: in the suspension graphs one has the multipHcity system of the germ w : 
{{w'^ = /j(u,w)},0) (C,0), and each v\ and arrowhead has multipHcity (1). 
This provides a very convenient 'short-cut' to obtain G. 



Example 22.3.1. It is well-known that there exists a rational cuspidal pro- 
jective curve G of degree d = 5 with two local irreducible singularities with local 



equations u 



~ and u 



= (see e.g. ||40|). Then the above proce- 



dure provides two suspension singularities, both of Pham-Brieskorn type. Their 
equations are + + = and + + =0. (We made the choice of C 
carefully: we wished to get pairwise relative prime exponents in each singularity, 
in order to 'minimize ' \Hi{dF,Z)\, cf. ((22:81) .) The embedded resolution graphs 
of the coordinate function w restricted on these suspension singularities (providing 
the arrow and multiplicities) are the following: 



-1 



(4) (12) 
(3). 



(5) (3) 



(1) 



(1) 



-1 



(3) (14) 
(7)' 



(4) 



(2) 



Reversing the orientations we get the following graphs, which coincide with the 
graphs G2,j (j = 1,2): 



30ie3e2e 



(4) (12) 
(3). 




4 



(5) (3) 



(1) (1) 



050l04e2 



(4) 



(2) 



(3) (14) 

f 

(7)i 2 

In order to get G, we have to insert one more vertex v (corresponding to C) 
with multipHcity (1) and genus decoration zero, and d ^ 5 arrowheads, ah with 
multipHcity (1), connected with H — edges to v: 







1 















(1) 



(4) (12) 
(3). 
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(5) (3) 











1 











(4) 



(2) 



(3) (14) 

f 

(1) •■■ (1) (7)i 2 

The missing Euler number e of w is computed via (|5.1.2p . namely e-|-5— 3— 3 
hence e = 1. Deleting all the multipHcities gives the graph 



0, 



3 1 3 2 
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1 





















' 4 


' 2 



By plumbing calculus, one can blow down twice 1-curves, and also one may 
delete the 0's. The result is a possible graph of dF. (This is not the 'normal form' 
of [49], the interested reader may transform it easily to get a graph with all Euler 
numbers negative. But even if we pass to the normal form, the intersection matrix 
will not be negative deflnite, its index will be (— 12,+1).) 



§22. THE GENERAL CASE. 



101 



Notice that dF is a rational homology sphere. In fact, it is easy to verify that 

i/i(aF,z) = Z5. 

As a consequence of the above discussion, we get: 

Corollary 22.3.2. If C is a rational unicuspidal projective plane curve (i.e. 
C has only one singular point which is locally irreducible), and its local singularity 
has only one Puiseux pair, then dF can be represented by a plumbing graph which 
is either star-shaped or a string. 

This will be exemplified more in subsection l|22.10p . 
Another consequence is the following 

Corollary 22.3.3. corank{A, I)g — 4I^A(G). In particular, the characteris- 
tic polynomial of the monodromy acting on Hi{dF,'L) is determined by fl9.2. 7]) . 
#?M$,^er =c(G), and rank Hi{dF)^i = 2g{G)+c{G)-2g(rc)-c{rc). Moreover, 
the equivalent statements of hi 9. 2. 3]) are also satisfied, in particular #^Mj^g^ = 

C(G2.,). 

Proof. Since each v\ supports at least one arrowhead, the rank of {A, I) 
is maximal if all the ranks of the intersection matrices associated with G2,j are 
maximal. But these matrices are definite, hence non-degenerate. For the last two 
identities see (|19.2.4p and (|19.2.9p . □ 

After stating the third specific feature, and determining corank{A) as well, we 
will return to the characteristic polynomial formula. 

22.4. The third specific feature. The d— covering. Let C C as before. 
It is well-known that there is a regular d-covering F = {/ = 1}^P^\C given by 
(x, y,z) ^ [x : y : z\. Let T be a small tubular neighbourhood of C, and let dT be 
its boundary. In the next discussion it is more convenient to orient dT not as the 
boundary of T, but as the boundary of \ T°. Then the above covering induces 
a regular c?-covering 

OF dT. 

Moreover, the Zc(-Galois action on dF coincides with (a representative) of the 
Milnor monodromy action on dF. Using either this, or just the homogeneity of /, 
we get that the monodromy action is finite of order d. 

Example 22.4.1. Let us exemplify this covering on a simple case. Assume that 
C has degree 3 and has a cusp singularity. Then a possible plumbing representation 
for dT (oriented as the boundary of T) is the graph (i) below. 





-2 


1 3 




-2 


1 3 






'-3 


{^^) 


(3) (6) 
(2)' 


(1) 

'-3 



(-9) 



Then the Zs-cyclic covering of dT can be computed as the Za-covering of the 
divisor marked in {ii) by a similar algorithm as described in [44 J for cyclic coverings. 
This provides the graph (Hi) below (as the graph covering of the graph (i)). This is a 
possible plumbing graph of dF with opposite orientation. Changing the orientation 
and after (reduced) calculus, we get the graph {iv). This is the graph that we get 
by the Main Algorithm as well (after modified by reduced calculus). 

The monodromy action permutes the three — 2-curves. 
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2 





1 



2 



{in) -2 



{iv) 



-1 



22.4.2. The 3-manifold dT was studied intensively by many authors ( D.C. 
Cohen, A. Suciu, E. Hironaka, see |14L I15L 124) and the references therein). Hence, 
once the representation tti {dT) — + associated with the covering is identified, one 
can try to recover all data about dF from that of dT (some of it can be done easily, 
some of it by rather hard work) . 

The geometry of the covering sometimes provides certain numerical invariants 
easily. E.g., in the next paragraphs we will show a computation which provides the 
rank of the 1-eigenspace dim Hi {dF) i (associated with the monodromy action) . 

22.4.3. The rank of Hi{dF)i and corank{A)c- By the above discussion we 
get Hi{dF)i = Hi{dT). On the other hand, Hi{dT) can be computed easily, since 
dT is also a plumbed 3-manifold (cf. (|18.2.8p (c)). One can determine a possible 
plumbing graph for dT as follows. Start with the curve C, blow up the infinitely 
near points of its singularities (as in section [fTo| , and transform the combinatorics 
of the resulting curve configuration into a graph. In this way we get as a plumbing 
graph the graph Tc with some natural modifications: we have to keep the genus 
decorations, delete the arrowheads and the weight decorations of type (m;n, r^), 
and have to insert the Euler numbers. These can be determined as follows: start 
with the intersection matrix of the components of C. This, by Bezout's theorem, is 
the A X A matrix Ac with entries {d\d^)\^^. This intersection matrix is modified by 
blow ups to get the intersection matrix Ar,, of the plumbing graph of dT. Hence, 
similarly as in (|18.1.2p ). one has: 

(22.4.4) dimHi{dF)i ^ dim Hi{dT) = 2g{rc) + c{rc) + corank{A)rc- 

Using the notations of section [§ 10^ we compute each summand. g{Tc) — J2\9>^ 
clear. Since each Tj is a tree, one also gets 



Finally, by blowing up, the corank of an intersection matrix stays stable, hence 
corank{A)rc — corank{Ac) = corank{{dxd^)\^^), i.e.: 



Therefore we get the identities (where bi (C) denotes the first Betti number of C) : 



This has the following immediate consequence: 

Corollary 22.4.7. corank{A)c = |A| — 1. Hence, in general, Aq is degener- 
ate. 

Proof. corank{A)G = corank{A)rc by (|19.2.8p and l|22.4.4p . Then use (|22.4.5p . 



c{Tc)^Y.^\I,\-\)~{\A\~l). 



(22.4.5) 



corank{A)Y'(, = |A| — 1. 



(22.4.6) 




□ 



Now we start our list of applications. 
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22.5. Application. The characteristic polynomial of 9F. Using (|19.2.7p 
and l|22.4.7p we get: 

Corollary 22.5.1. /// is homogeneous, then the characteristic polynomial of 
the (Milnor) monodromy acting on Hi{dF) is 

it - 1)1^'-^ ■ n^gw(re) jt^"--'^ - 1?^-+'--' ■ ft"" - 1) 

(For the integers n^, and rig see fl2.3]) . with the additional remark that all the second 
entries of the vertex-decorations are equal to d.) 

Notice that this is a formula given entirely in terms of Tq- If c(G) — 0, then 
via (|19.1.2p it simplifies to: 

(22.5.3) l)l + |A|-<i . -Q _ ^^25„+5„-2_ 

Since the monodromy has finite order, the complex algebraic monodromy is 
determined completely by its characteristic polynomial. By (|22.3.3p and l|16.4.4p . 
the complex monodromy is trivial if and only if c{G) = c{Tc) and g{G) = giXc)- 

22.5.4. Now, we provide an (almost) independent description of the character- 
istic polynomial, completely in terms of the projective curve C. Indeed, the divisor 
Div = ^ k\{\) e Z[S'^] of the characteristic polynomial can also be determined as 
follows. 

Clearly, by l|22.4p . the multiphcity fci of the eigenvalue A = 1 is 6i(C) + |A| — 1. 

On the other hand, for A ^ 1, l|17.2p and l|22.1.ip provides the following identity 
in terms of the local horizontal/Milnor algebraic monodromies of the transversal 
types (i.e. in terms of the monodromy operators of the local singularities of C): 

k\ — ^ ^ ^{Jordan block of Afj^/ior '^ith eigenvalue A} (A ^ 1). 

In order to see this, we apply (|22.2p . and the Wang homological exact sequence for 

F'j ^ d2,j S\ cf (fT8T4l) . 

Indeed, if B is a 1-Jordan block of M'- j^^^ with eigenvalue A, and A'' = 1, 

then this creates a 1-block in Mj^^^ with eigenvalue 1, and the corresponding 

1-dimensional eigenspace survives in coker{M'j^^^^ — l)• 
If i? is a 2- Jordan block of Mj ^^j, with eigenvalue A, and A'* = 1, then this 

creates a 2-block in M'^ with eigenvalue 1, and in coker(Mj — 1) only a 

1-dimensional space survives, and Mj acts on it by multiplication by A. 

This and the last identity of (|22.3.3p imply: 

#{Jordan block of Afj,/ior '^ith eigenvalue A} 

j A'i = l, At^I 

= 2g{G) + c{G)-2g{rc)~c{rc). 

Example 22.5.5. Assume that C is irreducible, and it has a unique singular 
point (C, P) which is locally equisingular to {(u^ + v^){u^ + v"^) = 0}. For the 
embedded resolution graph of (C, P) see (|9.1.ip . In order to get Tc one has to add 
one more vertex, which will have genus decoration [g], where 2g = {d—l){d—2) — 12, 
and it will support d arrows. The reader is invited to complete the picture of Tc- 

By l|22.5.2p , we get that the characteristic polynomial of the monodromy oper- 
ator acting on Hi (OF) is 

{t - l)(d-l)(d-2)-10 .^(d.lO) _ I. 
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In all the cases, the multiplicity of the eigenvalue 1 is fci = (d — l){d — 2) — 11 = 
{d — l)(d — 2) — n{f'). If d is odd, then there are no other eigenvalues, hence the 
complex monodromy on Hi{dF, C) is trivial. 

If d is even then other eigenvalues appear too. If 5 -j" d then only one, namely 
— 1, otherwise their divisor is the divisor of {t^ + l)^/(i + 1). 

This result can be compared with l|22.5.4p . For this use that the algebraic 
monodromy of the local transversal singularity has characteristic polynomial {t^ + 
l)^{t — 1), and exactly one 2- Jordan block, which has eigenvalue —1. 

The graph G™ for d = 10 is the following (for this d all the Hirzebruch-Jung 
strings in the main algorithm are trivial): 



3 




3 

In this case dimHi{dF) — 70, dmiHi{dF)i — 61, Aq is non-degenerate with 
|det(AG)| -50. 

Example 22.5.6. The characteristic polynomial of the example (|12.5.1ip is 
{t — lY "•^''+1, hence the complex monodromy on Hi{dF, C) is trivial. 

22.6. Applications. The determination of the six (complex) opera- 
tors Mj^hor^ M'^Mor' ^'^f,hor^ ^'^tver^ M^^or and M^^yer- 

In this subsection we show that the local horizontal/Milnor monodromy oper- 
ators {M'^f^^^}j (of the transversal types), together with the integers d and c{G) 
determine completely the Z^-representations generated by the commuting pairs 

(^i,/.or-^^i,.e.), (^*hor:^,%r), respectiv ely (M^ ^hor, M^^^.r). 

Indeed, the first two pairs agree (cf. (|22.1.ip ). hence by l|22.2p it is enough 
to determine M^^hor- Moreover, for eigenvalues A 7^ 1, the following generalized 
eigenspaces (together with the corresponding horizontal actions) coincide: 

(22.6.1) Hr{F^)M,,,„,x^i = ®jHi[F^ n T,-)m*,„^,a#i = ©,i?i(i^;)Af;,„,„A#i. 

Next, we determine the action of M^^hor on the generalized 1-eigenspace Hi{F^)i 
of Mi^^hor- The rank of 77i(F$)i can be determined in several ways. 

First, one can consider the rank of the total space iJi(F<5), which is (d — 1)^. 
Indeed, F$ is the Milnor number of an ICIS (/, 5), where / is homogeneous of 
degree d and I is generic linear, hence their Milnor number is the Milnor number 
of a homogeneous plane curve singularity of degree d. Since we already determined 
the (A 7^ l)-generalized eigenspaces the rank of iJi(F$)i follows too. 

There is another formula based on (|16.2.10p (a). which provides 

rank Hi{F^)i = 2g{Vc) + M^c) + d - 1 = d - |A| + 61(C) + - 1). 

3 

In particular, since we have only one and two-dimensional Jordan blocks: 

#iM$,/ior + 2#iAf$jior = rank Hi{F^)i. 
On the other hand, by ([22:2|) and l|22.6.ip we have 
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Since by (|22.3.3p the left hand side is c(G), we get 

^iM^.hor = C{G) ^ #lM',Mr- 

Example 22.6.2. Assume that we are in the situation of (|22.5.5p with d = 10. 
Then both local operators M[ and M{ have one 2- Jordan block, the first with 
eigenvalue —1, the other with 1. This is compatible with the fact that c(G2,i) = 1. 

Since the order of any eigenvalue of M^^hor divides 10, we get that M^^^er 
is unipotent. By l|22.3.3p . the number of 2- Jordan blocks of M$ „er is c(G) = 2. 
Hence Mi^^hor has two 2-Jordan blocks as well. By l|22.6.ip . there is only one 
with eigenvalue ^ 1, namely with eigenvalue —1. Hence the remaining block has 
eigenvalue 1. 

22.7. When is dF a rational homology sphere? By l|22.5.4p we get the 
following characterization: 

Corollary 22.7.1. dF is a rational homology sphere if and only if C is an 
irreducible, rational cuspidal curve (i.e. all its singularities are locally irreducible), 
and there is no eigenvalue A of the local singularities (C,Pj) with X"^ = 1. 

This situation can indeed appear, see e.g. (|22.3.ip . or many examples of the 
present work. 

We wish to emphasize that the classification of rational cuspidal projective 
curves is an open problem. (For a partial classification with d small see e.g. {40) . 
or [1] and the references therein.) It would be very interesting and important to 
continue the program of the present section: some restrictions about the structure 
of dF might provide new data in the classification problem as well. 

22.8. When is dF an integral homology sphere? The answer to this 
question is simple: Never (provided that d > 2)1 This follows from the following 
proposition: 

Proposition 22.8.1. Assume that f is homogeneous of degree d. Then there 
exists an element h G Hi{dF,'Z) whose order is (infinity or) a multiple of d. If 
Hi{dF,'L) is finite, one can choose such an h fixed by the monodromy action. 

Proof. By (|22.7p we may assume that C is irreducible, rational and cuspidal. 
Consider the following diagram (for notations, see (|22.4p ): 

^i(aF) — ^ ^i(ar) — ^ 

q r 

Hi{dF,Z) > Hi{dT,Z) = 2^2 

Here the first line is exact provided by the homotopy exact sequence of the covering, 
i is injective, and q, r and p are surjective. Let 7 G 7ri(9T) be the class of a small 
loop around C. Then ^(7"^) = 0, hence 7^^ G 7ri(i9F). 

On the other hand, Hi{dT,Z) = 2^2, and it is generated by [7]. This follows 
from the fact (see i|22.4.3p and the proof of (|18.1.2p ) that Hi{dT, Z) ^ coker{A)rc , 
but in this case A has only one entry, namely d^. 

Hence r(7'*) has order d in Hi{dT,Z). In particular, the order of 9(7'*) S 
Hi{dF,Z) is a multiple of d. Since the monodromy action in ■Ki{dF) is conjugation 
by 7, the second part also follows. □ 

The above bound is sharp: there are examples when Hi{dF,Z) = Z^; see e.g. 
(|22.3.ip . The above result also shows that the monodromy action (over Z) is trivial 
whenever Hi(dF,Z) = Z^. 
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The fact that for / homogeneous dF cannot be an integral homology sphere 
was for the first time noticed by Siersma in |61j . page 466, where he used a different 
argument. 

22.9. Examples. Cases with d small. In this section we will treat all 
the possible examples with d = 2 and d = 3, and we present some examples with 
d = 4. The statements are direct applications of the Main Algorithm and the above 
discussions regarding the monodromy. (One of our goals in this 'classification list' 
is to provide an idea about the variety of the possible 3-manifolds obtained in 
this way, and to check if the same 3-manifold can be realized from essentially two 
different situations.) 

22.9.1. (d = 2) There is only one case: C is a union of two lines. A possible 
graph G™ is • ; hence dF = x S'^. The monodromy is trivial. 

22.9.2. (d = 3) There are six cases: 

(3a) C is irreducible with a cusp. See (|22.4.ip . or l|22.10.ip fa) with d = 3 for the 
graph G™ of dF. In this case Hi{dF, Z) = Zg ® Z2, hence the complex monodromy 
is trivial. The integral homology has the following special form (specific to the 
homology of any Seifert 3-manifold) : 

Hi{dF, Z) = ( xi,X2, X3, h I 2xi — 2x2 = 2x3 = /i, xi + X2 + ^3 = ). 

h has order 3 and it is preserved by the integral monodromy, while the elements 
X\,X2tXz are cyclically permuted (in order to prove this, use e.g. I|22.4.ip ). 

(3b) C is irreducible with a node. A possible graph of dF is 

e 

The rank of Hi{dF) is 1, and the complex monodromy is trivial. 

(3c) C is the union of a line and an irreducible conic, intersecting each other 
transversely. A possible graph for dF is 3 • [1] , and the complex monodromy 
is trivial. 

(3d) C is the union of an irreducible conic and one of its tangent lines. dF — 
S"^ X and the monodromy is trivial. 

(3e) G is the union of three lines in general position: dF — x x and 
the monodromy is trivial. 

(3f) G is the union of three lines intersecting each other in one point: then by 
reduced calculus we get for dF the graph G™: 




(the decoration * is irrelevant) 



In fact, if we apply the splitting operation (not permitted by reduced calculus), 
we obtain that dF = #4,8'^ x S^. 

The characteristic polynomial of the monodromy is (i^ — l)(i — 1). 

22.9.3. (d = 4) We will start with the cases when G is irreducible, rational 
and cuspidal (i.e. all local singularities are locally irreducible). There are four 
cases: 
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(4a) C has three A2 singular points. A possible equation for / (and Tq) is 
given in l|10.1.4p . dF is a rational homology sphere with graph: 



G 




(with all the Euler numbers 2) 



(In this case, neither G, nor G with the opposite orientation can be represented by 
a negative definite graph.) 



(4b) C has two singular points with local equations v? + v'^ — and v? 



.,5 _ 



-V" = 0. 

This case has an unexpected surprise in store: having two singular points we expect 
that the graph will have two nodes. This is indeed the case for the graph G, the 
immediate result of the main algorithm. Nevertheless, via (reduced) plumbing 
calculus the chain connecting the two nodes disappears (by a 0-chain absorption). 
Finally, we get that dF is a Seifert manifold with graph: 




• is decorated by 2 



® is decorated by 5 



The orbifold Euler number is 4/15 > 0, and the order of Hi{dF,'L) is 60. 

(4c) C has one singular point with local equation + — 0. OF is a rational 
homology sphere, its graph is given in (|22.10.2p fa) (with d — A). It is worth 
mentioning that there are two projectively non-equivalent curves of degree four 
with this local data, namely — x^y + y^z = and x'^ — y^z — 0. 

(4d) G has one singular point with local equation + v'^ — 0. In this case, 
rather surprisingly, dF is the lens space of type L(28, 15) (i.e. the graph is a string 
with decorations: —2, —8, —2). 

For an example of irreducible non— rational G, see (|12.5.1ip together with 
(|22.5.6p . For reducible G we give three more examples: 

(4a') Let G be the union of two conies intersecting each other transversely. 
The characteristic polynomial is {t — l)"', the complex monodromy is trivial, and 
the graph of dF is: 




® is decorated by —4 



(4b') Let G = be the union of a smooth irreducible conic and two different 
tangent lines. The characteristic polynomial is (t^ + l)^(t — 1)^. The graph G™ is 
0M3] . 

(4c') Let G be the union of two smooth conies intersecting tangentially in two 
singular points of type ^3 (e.g. the equation of / is x^y'^ + z^). Then the graph 
G™ is 4» [3] . The characteristic polynomial is {t^ + lf{t - if. 



22.9.4. It is also instructive to see the case when G is given by (x^ — y'^z){y'^ — 
x'^z) — Q. G has two components, and they intersect each other in 6 points. One of 
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them, say (C, P), has local equation (u^ — — m^) = (cf. I|9.1.ip ). the others 

are nodes. Some of the cycles of G are generated by these intersections, and one 
more by a 2-Jordan block of (C, P): c{Tc) = 5 and c(G) = 6. 

22.10. Examples. The case of rational unicuspidal curves with one 
Puiseux pair. 

The present subsection is motivated by two facts. 

First, by such curves we produce plumbed 3-manifolds with start-shaped graphs, 
cf. I|22.3.2p . some of which are irreducible with Seifert fiber-structure, some of 
which are not irreducible. Seifert 3-manifolds play a special role in the world of 
3-manifolds. Therefore, it is an important to classify all Seifert manifolds realized 
as OF, where is a Milnor fiber as above. Even if we restrict ourselves to the 
homogeneous case, the problem looks surprisingly hard: although all unicuspidal 
rational curves with one Puiseux pair produce star-shaped graphs, in (|22.9p ('4b) 
we have found a curve C with two cusps, which still produces a Seifert manifold. 
Since the classification of the cuspidal rational curves is not finished, the above 
question looks hard. On the other hand, notice that Seifert manifolds can also be 
produced by other type of germs as well, e.g. by some weighted homogeneous germs 
as in l|12.5.12p or l|26.1.8p . but not all weighted homogeneous germs provide Seifert 
manifolds. 

In this subsection we will Hst those star-shaped graphs which are produced by 
unicuspidal curves with one Puiseux pair. 

It is also worth mentioning, that the normalization of Vf (for any / where C is 
rational) has a very simple resolution graph: only one vertex with genus zero and 
Euler number —d. This graph can be compared with those obtained for dF Hsted 
below. 

For the second motivation (of more analytic nature) , see l|22.10.5p . 

22.10.1. Assume that C is rational and unicuspidal of degree d > 3, and the 
equisingularity type of its singularity is given by the local equation u"' + = 0. 
The possible triples (d, a, b) are classified in [7]- 

In order to state this result, consider the Fibonacci numbers {fj}j>o defined 
by ipo = 0, (pi = 1, and (pj+2 = ipj+i + ipj for j > 0. 

Then {d, a, 6) (1 < a < b) is realized by a curve with the above properties if 
and only if it appears in the following list: 

(a) (a,6) = (d-l,d); 

(b) (a, 6) — {d/2, 2d — 1), where d is even; 

(c) (a, b) = {v'j~2^ v'j) a-iid d = V^l-i + 1 = Vj-2^j, where j is odd and > 5; 

(d) (a, b) = {^j~2, 'Pj+2) and d = ipj, where j is odd and > 5; 

(e) (a, b) = {if A, (/58 + 1) = (3, 22) and d = (^g = 8; 

(f) (a, b) = (2^4, 2^58 + 1) = (6, 43) and d ^ 2ipe = 16. 

(a) is realized e.g. by the curve {x'' = zy'^~^}, (b) by {zy — x'^Y^'^ = xy"^^^. (c) 
and (d) appear in Kashiwara's Hst [26], while (e) and (f) were found by Orevkov 
in [5T] . 

22.10.2. Now we list the graphs G™ for OF. The computations are straightfor- 
ward, perhaps except the cases (c) and (d); for these ones we provide more details. 

• Case (a) 




{d legs) 



• Case (b) 
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(d/2 legs) 



In the examples (a) and (b) the above 'normal forms' are not negative defi- 
nite, hence the graphs cannot be transformed by plumbing calculus into a negative 
definite graph (without changing the orientation). 

• Case (c) Let F be the minimal resolution graph of the Brieskorn isolated 
hypersurface singularity {u° + + w'^ = 0}, where (a, b, d) — {'p'j-2, '■P%'-P3-2'^j)- 
This is a star-shaped graph, it can be determined in a standard way, e.g. by the 
cyclic covering algorithm of |44) . or by the procedure described in |52j . Let — F 
be F with opposite orientation (the sign of each Euler number is changed, and 
the edges are endowed with — , however this last edge decoration modification 
can be omitted since F is a tree), and let v be its central vertex (which has genus 
decoration g = {a - l){h - l)/2). Then (|22.3p for G"" provides the graph: 



) 


-• -F 


1 


V 



E.g., if j = 5, i.e. (a, 6, d) ~ (2^, 5^, 10), then the central fiber of G™ has genus [2] 
(and its Euler number is irrelevant), the graph has 8 legs, all of which are of length 
one. Five of the end-curves are decorated by 2, two of them by 5, and one by 0. 

Notice that the 3-manifold dF is reducible: the irreducible components can be 
seen if we apply the 'splitting operation' to the unique 0-vertex. E.g.. in the above 

5 2 

case of j = 5, we get 4 copies of • , 2 copies of • , and 5 copies of • . 

d 

• Case (d) The graph G™ of dF is • . This follows from the very special 
arithmetical properties of the Fibonacci numbers. In order to see this, we need to 
use the identities (for j odd) 

(22.10.3) (^j_2 ■ <(3j+2 = "ySj + 1, V]-2+'Pj+2^i<P]- 

Similarly as in the previous case, and following l|22.3p . we have to first deter- 
mine the (minimal) resolution graph F of the Brieskorn singularity with coefficients 
(a, 6, d). Notice that in this case these integers are pairwise relatively prime, hence 
the decorations of the three legs are determined by the (Hirzebruch-Jung) con- 
tinued fraction expansions of the rational numbers ab/d, ad/b and bd/a (for more 
details, see e.g. [18| §22]). The point is that in our situation the identities l|22.10.3p 
have the following congruences 

(22.10.4) (pj^2'Pj+2 = 1 {mod ipj) Vj±2'Pj = -3 (mod fj^2), 

and ipj±2 is not divisible by 3. Hence, by a computation, F has the following shape: 
the central fiber has decoration —2 (and genus 0), one of the legs consists of ipj — 1 
(— 2)-vertices, another has three vertices with decorations —2, —2, —\^j±2/•i^ 
(where the first —2 vertex is connected to the central vertex), and a third leg has 
two vertices with decorations —3 and — [<Pj=p2/3] , where the —3 vertex is connected 
to the central vertex. 

By the procedure l|22.3p we have to change the orientation and add one more 
vertex to the end-curve of the — 2-string, which will be decorated by 1. Hence 
this new extended string can be contracted completely. After this contraction the 
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central curve becomes a 1-curve. This generates 3 more blow-downs and a 0-chain 
absorption. _^ 

As an interesting phenomenon: the graph of the normalization of Vf is • . 
Hence the boundary of the Milnor fiber coincides with the link of the normalization 
with opposite orientation. 

• Case (e) 

1 

^ • -3 

-3 

• Case (f) 

- 2 -3 -9 

2 -2 

2 -3 -9 

The normal forms in (e) and (f) are negative definite, a property which rather 
rarely happens. In particular, in both cases, dF is diffeomorphic (under a diffeo- 
morphism which preserves orientation) with the link of a(n) (elliptic, not complete 
intersection) normal surface singularity. 

22.10.5. Looking at the shapes and decorations of the above graphs, one can 
group them in four categories (a)-(b), (c), (d) and (e)-(f). This is compatible with 
some other groupings based on some analytic/combinatorial invariants of these 
curves, see [7], [§]. 

E.g., if TT : X ^ is the minimal embedded resolution of C C P^, and C 
denotes the strict transform of C, then = (P — ab = 3d — a — b — I. In the above 
six cases this value is the following: it is positive for (a) and (b), it is zero for (c), 
it is —1 for (d), and —2 for (e) and (f). 

Perhaps, the most striking 'coincidence' is that the cases (e)-(f) are the only 
cases when the logarithmic Kodaira dimension of P^ \ C is 2 (for the first four cases 
it is — oo), while from the point of view of the present discussion (e)-(f) are the 
only cases when dF is an irreducible Seifert 3-manifold, representable by a negative 
definite graph (which is not a lens space). 

This suggests that the topology of dF probably carries a prestigious amount 
of analytic information about /. 

§ 23. Line arrangements. 

23.1. Assume that C is a projective line arrangement. We will use the nota- 
tions of lfT0:2l) . Recall that #A(rc) = #A{G) = d, and corank{A)c ^ d - 1, cf. 
(|22.4.7p . Moreover, additionally we have g(Tc) — 0, and the following identities: 

23.1.1. The covering data of G over Tc is trivial, hence 

c{G)^c{Tc) = Y.im,-l)~{d-l). 

jen 

By (fimi, 

25(G) = 5](m, - 2)(gcd(™„d) - 1). 
jen 
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23.1.2. (Characteristic polynomial) Since rim = tie = 1 for w G W{Tc) and 
e e Swi^c), l|22.5.ip via a computation transforms into 

Theorem 23.1.3. Let {LaIaga be an arrangement with d = |A| lines and with 
singular points H. Then the characteristic polynomial of the monodromy acting on 
Hi{dF) is 

(i_ l)|n| . ^^^(^(m.^d) _ l)m,-2^ 

23.1.4. (Jordan blocks of M,i,^hor and M$^i,er) Since Mj is semisimple, 
from (pOj) we get 

#A^$,/ior = ^iM^^yer = for A 7^ 1, and 
23.2. Examples. 

Example 23.2.1. The generic arrangement. Consider the generic arrange- 
ment: all the intersection points of the d lines are transversal. In this case there are 
|n| = d{d— l)/2 intersection points, all with nij = 2. Therefore, the characteristic 
polynomial is just {t — 1)''^!. 

A possible graph for dF can be constructed as follows. 

Consider the complete graph 6 with d vertices (i.e. any two different vertices 
are connected by an edge). Decorate all these vertices by —1. Put on any edge e of 
a new vertex with decoration —d. In this way, the edge e is 'cut' into two edges, 
decorate one of them by (and do this with all the edges of (5). 

Notice that any (— l)-vertex is adjacent with d—1 vertices (all decorated by 
—d). Hence, if d < 3, this graph is not minimal, but otherwise in this way we get 
the 'normal form'. The graph has {d — l){d — 2)/2 cycles and corank{A) = d — 1. 

Example 23.2.2. The A3 arrangement. Consider the arrangement from 
(|10.2.ip . The characteristic polynomial is {t^ — 1)'* • (t — 1)^. The graph can be 
deduced easily from Tc (which is presented in (|10.2.ip ). There are 4 vertices with 
(7 = 1,6 cycles and corank{A)G = d — 1 = 5. 

Example 23.2.3. The pencil. Assume that all the lines contain a fixed point. 
(E.g., f = x'^ + y'^.) Then the characteristic polynomial is {t — l){t'^ — ^Y^^, and 
G"" is 

d legs and g = [d - l)(d - 2)/2 



^ + y'' ^). Then the characteristic 





[d-2] 

In particular, for any oriented surface S, the product S x can be realized as dF. 



[9] 



In fact, dF = #(d-irS^ x . 

Example 23.2.4. Assume that / 
polynomial is {t — 1)^''"^, and G™ is 



[d — 1) 0- vertices 




112 



IX. THE CASE OF HOMOGENEOUS SINGULARITIES. 



23.3. The torsion of the integral homology Hi{dF,Z). In general, even 
for homogeneous /, Hi{dF, Z) might have nontrivial torsion. One may ask whether 
in the case of arrangements some non-trivial torsion elements exist. The interest in 
such a question is motivated by a conjecture which predicts that for arrangements 
Hi{F,Z) has no torsion. Hence it is natural to attack this conjecture via the 
epimorphism Hi{dF,Z) -> Hi{F,Z). 

Example 23.3.1. Assume that / is the generic arrangement with c? = 4. Then 
the torsion part of Hi {dF, Z) is Z4 . 

Indeed, by (|18.1.3p . the torsion part of Hi{dF, Z) is exactly the torsion part of 
coker{A)c. Since the intersection matrix A is determined explicitly in (|23.2.ip . a 
computation provides the result. 

In fact, for generic arrangements and larger d, the torsion part of Hi{dF,Z) is 
even bigger. One can prove easily that A (g) Z^ has corank > {(f — 3d + 4)/2, which 
is considerably larger than corank{A) = d — 1. 

§ 24. The weight filtration of the mixed Hodge structure. 

24.1. In this subsection we prove that if / is homogeneous then H*{dF) 
carries a natural Mixed Hodge structure, which satisfies Conjecture (|21.1.3p . 

Indeed, assume that / is homogeneous of degree d. Let C = {/ = 0} C 
be the projective curve as above. Recall that Hi{T^ \ C,Z) = l}^'^/{di, . . . ,d|A|). 
Therefore, the representation 

^1 (P2 \ C, *) ^ i/l (P2 \ C, Z) ^ Zd, 

where ab is the Hurewicz epimorphism and a{[ai, . . . , a|A|]) — X] ^-A) well-defined, 
is onto, and it provides a cycHc covering tt : F — P^, branched along C. Moreover, 
F :— 7r^^(P^ \ C) is a smooth affine variety which can be identified with the (open) 
Milnor fiber of /, cf {2231). 

The singularities of Y are isolated and are sitting above the singular points of 
C: if {fj(u,v) = 0} is the local equation of a singular point of C, then its cyclic 
covering {w"^ — fj{u,v)} is the local equation of the corresponding singular point 
in Y above it. Let r : Y Y he the minimal good resolution of the singularities 
of Y and set tt := tt o r : ? P^. Then Y is smooth and F = Y \ 7r"i(C) is 
the complement of the normal crossing curve configuration tt~^{C). Moreover, the 
dual graph associated with this curve configuration is exactly —G, where G is the 
graph provided by the Main Algorithm, cf. I|22.3p . Therefore, for any sufficiently 
small tubular neighbourhood T of 7r~^(C), dF — — 9T, cf l|22.4p . and the natural 
mixed Hodge structure of Hi{dT) transports by this isomorphism into a natural 
mixed Hodge structure of Hi{dF). This combined with (|18.2.8p (c) (or with |20l 
(6.9)]) shows that this mixed Hodge structure satisfies Conjecture (|21.1.ip . hence 
its dual structure in cohomology satisfies Conjecture l|21.1.3p . 

Remark 24.1.1. As we already mentioned, the oriented handle absorption 
modifies the integers c(G""), (?(G™) and corank{A)c"^ , and this can happen even 
in the homogeneous case. E.g., if / = z{xy + z^), cf. (|22.9p (3c). one might use the 
operation (cf (|18.1.7p ): 




c(G™), 2g{G"^) and corank{A)c^ read from the left hand side graph provide 
the ranks Gr^ Hi{dF), while the right hand side graph does not have this property. 
(In particular, the topological methods from l|28.ip or i|28.2p are perfectly good to 
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determine the oriented 3-manifold 9F, or even the characteristic polynomial of its 
algebraic Milnor monodromy, but they are not sufficiently fine to recover the weight 
filtration of the mixed Hodge structure of Hi{dF).) 

Example 24.1.2. The weight filtration of the MHS of Hi{dF) is not a 
topological invariant. 

Consider the homogeneous function / — xy{xy + z^) of degree d = A. Its 
graph G under 'strictly reduced calculus' (cf. I|5.1.9p ) (i.e. under reduced calculus 
excluding R5) can be transformed into 




In particular, c{G) — 1, 2g{G) — 4 and corank{A)G — 2, and these numbers 
equal the ranks of Gr^ Hi{dF). 

Next, consider the homogeneous function / = z(x'* + y^) of degree d = 5. For 
its graphs G see l|23.2.4p : hence c{G) = 3, 2g{G) = and corank{A)G = 4. 

Note that both graphs, using R3 and R5, can be transformed into • [3] ^ 
hence dF is (orientation preserving) diffeomorphic with the product of 5*^ with a 
surface of genus 3. In particular, the C°° type of dF does not determine the weight 
filtration of Hi{dF). (This phenomenon might happen with the links of isolated 
singularities of higher dimension as well, see [67].) 



Additionally, the two characteristic polynomials of the algebraic monodromies 
acting on Hi{dF) associated with the above two examples are (t^ + l)^(i — 1)^ and 
(t— ly respectively. Hence, from dF one cannot, in general, read the characteristic 
polynomial. (Note that the multiplicity of / can neither be read!) 

Example 24.1.3. In fact, the Milnor fibers of the above two functions treated 
in l|24.1.2p are also different. Indeed, let Sg denote the oriented closed surface of 
genus g. Then for / = xy{xy + z^) the Milnor fiber is diffeomorphic to [0, 1] x 
X (5i \ 2 points) (cf. (pTj) ). while for / = z{x^ + y^), the Milnor fiber is 
[0, 1] X S'^ X (^0 \4 points) (cf. |§ 26p . (Although these spaces are not homeomorphic, 
in fact, they are homotopic.) 

24.2. The weight filtration on Hi{dF) is compatible with the eigenspace de- 
composition of the algebraic monodromy action. Indeed, from the computations of 



section § 22 and (|19.2.10p (a). for the generalized eigenspaces one has: 
(24.2.1) 

{corank{A)G — corank{A)rc = |A| — 1 if z = —2, 
25(rc) ifz = -l, 

c{Tc) ifz = 0, 

and 

r if z = -2, 

(24.2.2) dim Gr^iH,{dF)x^i) = <^ 2g(G) - 2g{Tc) if i = -1, 

[ c(G)-c(rc) ifz = 0. 

Recall that the algebraic monodromy action is finite, hence the weight filtration 
on the subspaces Hi{dF)x=i and Hi{dF)\^i cannot be the monodromy weight 
filtration associated with the monodromy action. 
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More examples. 



§ 25. Cylinders of plane curve singularities: / = f'{x, y) 

25.1. Using the Main Algorithm. The graph G. Assume that /(a;, z) = 
f'{x,y), as in l|9.ip . Assume that /' has r local irreducible components, let fi be 
its Milnor number. 

If we take g{x, y,z) = z then the graph Tc is determined in l|9.ip . Let 

(jnw) ijn'^) 
w w' 

be an edge e of the minimal embedded resolution graph F' of /'. Then using the 
recipe of l|9.ip . the transformation step from l|12.1.2p . and the algorithm (|12.3p . 
this edge will be replaced in G by rie = , 'mw2) edges with the next decorations 
(compare also with (|14.1.ip ): 

Q 



[9w] [gw'] 

Above w one has n„ vertices in G, where n^, is the greatest common divisor 
of m^, and all the multiplicities of the adjacent vertices of w in T' . Their genus 
decoration is given by 

nnj{2 - 2g^) ^ {2 - S^)m^ + ^ Ug. 

e adjacent to w 

There is a similar picture for edges supporting arrowheads. Notice that 4fA{G) = r. 
In general, G is not a tree, the number c(G) of its cycles is given by 

(25.1.1) l-c(G)- H H 

After executing all the 0-chain absorptions we get 




(r arrows) 



Above the Euler number of the central vertex is missing, since it is irrelevant. 
The genus g is determined as a sum provided by the 0-chain absorption formula: 
2g = 2c(G) + 2j2wew{r') ^wgw, which via the above identities is equal to 2 — r — 
^^(2 — (5„,)m^. Hence, by A'Campo's formula for /i, we get 

5= (M+l-r)/2. 
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25.1.2. Clearly, the fiber F$ is the same as the Milnor fiber F' of/'. The vertical 
monodromy of F$ is isotopic to the identity (this follows either from l|20.3.ip . or 
by the observation that A$ = {c = 0}). Therefore, from l|16.4.6p we get 

(25.1.3) ^i = 2g{G) + 2c(G)+r~l. 

From the above diagram of G™°'', by (|18.1.2p we get dim Hi{dF) = 2g{G"'°'^) + 
c(G'"°'^) + corank{A)G^od = (^ + 1 - r) + + (r- 1) = ^. Hence, again by (|18.1.2p 
applied for G, we have 

(25.1.4) M = 2.g(G) + c(G) + corank{A)G. 

Then, from (|25.1.3p . I|25.1.4p and l|18.1.5p we obtain 

corank{A)G = c(G) + r — 1, 
corank{A^ I)g — c{G) + r. 

This shows that the upper bounds from l|18.2.ip can be realized. 

In fact, c(G) has an intrinsic meaning (hence, by (|25.1.5p corank{A, I)g and 
corank{A)G too): the expression (|25.1.ip combined with |18[ (14.1)], or with [44^ 
(3.20)], gives that 

(25.1.6) c(G) — the number of 2- Jordan blocks of the monodromy of /'. 

25.1.7. The Collapsing Algorithm. The graph G. In fact, if we delete the 
arrow-heads and multiplicities of G™'°'^ from the previous subsection, we get G (cf. 



(25.1.5) 



§ 14 | with c(G) ~ and corank{A) q = r — 1: 





Q ■ •cCT ■ l6gs and g = (/i + 1 — r)/2) 

i9] ^0 

By 'splitting operation' (R6 in the plumbing calculus of [491 (2.1)]), we get 
another possible (non-connected) plumbing graph for dF: the disjoint union of fi 
vertices (without any edges) , all of them decorated with Euler number and genus 
zero. In other words: 

dF = #^S^ X S\ 

Although this fact can be deduced by other methods too (see e.g. subsection l|25.2p ). 
the graph of G associated with the open book decomposition oi g — z (or any 
graph G computed in this way associated with any germ g) is a novelty of the 
present method. (Obviously, for different germs g, one might get different open 
book decompositions of dF, all of them determined by the above algorithm.) 

25.1.8. The characteristic polynomial. Since M^^y^r = id, the charac- 
teristic polynomial PHi{dF) of the Milnor monodromy acting on Hi{dF) can be 
computed from (|16.2.10p (a). It turns out that this expression coincides with the 
expression of the characteristic polynomial of the monodromy of the isolated plane 
curve singularity /' provided by A'Campo. 

25.2. Comparing with a different geometric construction. Let F' be 

the Milnor fiber of /'. In the above situation it is easy to see (since A$ — {c = 0}) 
that F = F' X D, where D is a disc. In particular, we also have the following 
geometric description for dF: 

(25.2.1) dF = F'xS^ ^dF'xs^ dF' x D. 

Using the Mayer-Vietoris exact sequence of this decomposition, one gets that 
Hi{dF,'Z) — iJi(F',Z). Since the monodromy acts on this sequence, we also 
obtain that the monodromy on Hi (OF, Z) is the same as the monodromy of the 
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plane curve singularity /' acting on i/i(F',Z). In particular, in this way we get 
the Jordan block structure of the monodromy acting on Hi{dF,Z) too. 

This shows that, in general, the algebraic monodromy acting on Hi{dF) is not 
finite (take e.g. for /' the germ from (|9.1.ip ). 

25.3. The mixed Hodge structure on Hi{dF). We expect that (once on 
Hi{dF) one defines a natural mixed Hodge structure), the natural inclusion F' C 
dF of ([253), which induces isomorphisms Hi{F') Hi{dF) and H^{dF) 
H^{F'), will induce, in fact, isomorphisms of mixed Hodge structures. Here we 
prefer to treat the (more traditional) cohomological case. 

The mixed Hodge structure of H^{F') is Steenbrink's MHS defined on the 
vanishing cohomology of the plane curve singularity /' [65, 66j. Its weight filtration 
is compatible with the generalized eigenspace decompositions. According to the 
general theory, H^{F')\=i is pure of weight 2, and it has rank r — 1. On the 
other hand, H^{F')x^i, in general, has weights 0, 1 and 2, and the weight filtration 
is the monodromy weight of the algebraic monodromy. In particular, the ranks of 
Gr^ {H^ {F') x^i) and Gr^ {H^ {F')xjti) are equal, and they agree with the number 
of 2- Jordan blocks of the monodromy (recall that the monodromy has no 2-blocks 
with eigenvalue one). Hence, this rank is exactly c(G) by l|25.1.6p . In particular, 
the rank ofGr^j H^F')) is c(G), while the rank of Grf (i/i(F')) is c{G) + r-l = 
corank{A)G, cf. I|25.1.5p . Hence, by dimension computation, we get that the 
remaining Grf (ifi(F')) has rank 25(G). This supports Conjecture l|21.1.3p . 

This information about the ranks of Gr^ {H^{F')) cannot be read from G; G 
contains information about r and fi only. 



§26. / of type zf'{x,y). 

In this section we assume that f{x,y,z) — zf'{x,y), where /' is an isolated 
plane curve singularity. 

26.1. A geometric representation of -F and dF. Similarly as in the case 
of cylinders (or, in the case of 'composed singularities' |41] ). consider the ICIS 
$ : (C^,0) (C^,0) given by !> = {f'{x,y),z). By similar notations as in[|4) the 
Milnor fiber of / is 

F = B^n ^~\{cd ^t}n Dl), 

where < i ^ 77 <C e. For any 77 > consider the disc Z?,, := {c : |c| < 77}. Then, 
by isotopy, the above representation of F can be transformed into 

i^ = i33nl.-i(A, x{<}\A°, x{i}), 

for some < rj' rj. From this one can eliminate the variable z, namely, if is 
the e-ball in the (x, j/)-plane, then 

(26.1.1) F^B',n{r)-HD,\D°^,). 

One also verifies that the monodromy on F is (isotopic to) the identity (it is the 
rotation by 2n of the disc D^). This provides a geometric picture for OF as well, 
and proves that its monodromy action is trivial. 

26.1.2. From l|26.1.ip one can read the following plumbing representation for 
dF. In order to understand the geometry behind the statement, let us analyze 
different constituent parts of dF. Notice that B'^ n {f')~^{dDjj) can be identified 
with the complement of the link of /' in S^. Similarly, B^ n (/')~^(9Z3^') is the 
same, but with opposite orientation. Moreover, they are glued together along their 
boundaries in a natural way. 
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Notice also that projecting 13,, \ Djji to — dD^j, and composing with /' we 
get a map dF S*^ which is a locally trivial fibration. Hence, dF fibers over . 

26.1.3. Therefore, the plumbing graph can be constructed as follows. 

Take the (minimal) embedded resolution graph of (C^, Vf). This has r arrows, 
where r is the number of irreducible components of /'. Keep all the Euler numbers 
and delete all the multiplicity decorations. Let the schematic form of the result be 
the next 'box': 



r 



Then a possible plumbing graph for dF is: 

I ~ \ ' ^ 

r : e : 



Here, in — F, we change the sign of all Euler numbers and edge-decorations, 
(put on edges). 

Notice that any 3-manifold M obtained in this way is orientation preserving 
difleomorphic with the manifold obtained by changing its orientation: M « —M. 

The statement about the above shape of the graph can be tested by the exam- 
ples listed in l|9.2p as well. 

Example 26.1.4. The first (and simplest) example already was considered in 
(|23.2.4p . when /' = x"^^^ + y^^^. Its graph produced by the Main Algorithm is the 
first diagram of l|23.2.4p supporting (together with the characteristic polynomial 
computation) the above statements. 

Example 26.1.5. Assume that / = z{x^ + y^) and take 5 to be a generic 
linear form. The graph Tc is given in l|9.2.ip . Running the algorithm and reduced 
calculus, a possible G"" is 




which is compatible with the predicted form from (|26.1.3p . 

Remark 26.1.6. This family might also serve as a testing family for some of the 
characteristic polynomial formulae (|16.2.10p (regarding the vertical monodromies 
^j,ver' which, in fact, are much harder to test). 

Indeed, if / = zf and g is a generic linear function, then s = 1, S = Ei = 
{x = y = 0}, hence di = 1. Moreover, the Milnor fiber F[ of the transversal type 
can be identified with the Milnor fiber of /' (in two variables). Since {/'e*" = 
6} = {/' = (5e~'"}, we get that the the vertical monodromy of F{ coincides with 
the inverse of Milnor monodromy acting on the Milnor fiber of /'. Hence, the 
characteristic polynomial of M{^g^ (determined by (|16.2.10p fc)) should coincide 
with the characteristic polynomial of /' provided by the classical A'Campo formula. 
The interested reader is invited to verify this on all the available graphs Tc- 

26.1.7. It is amazing in this computation that, although the graph Tc shows 
no symmetry, after running the algorithm and calculus the output graph has the 
symmetry (up to orientation) predicted in l|26.1.3p . The same is happening in the 
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example (|26.1.4p . the starting graph Tc is not symmetric, in fact the two corre- 
sponding parts are rather different, codifying two different geometric situations, 
nevertheless after calculus we get the two parts represented by T and —T. 

To construct a resolution r which produces F is rather natural (see e.g. the 
the case of cylinders), but to get a resolution r which (or part of it) produces — F 
in a natural way, is very tricky. But, in fact, this is what Tc does: a part of it 
produces F, another part of it produces — F. This anti-duality is still a mystery for 
the authors. This shows how hard it is to recognize and follow global geometrical 
properties by manipulating (local) equations/resolutions. 

Remark 26.1.8. Notice that if /' = + ?/^ then in the graph of l|26.1.3p all 
the 0-vertices can be eliminated by 0-chain or handle absorption, hence we get a 
star-shaped graph (with four legs and central vertex with genus gcd(a,6) — 1). In 
particular, dF has a Seifert structure. 

§ 27. The r, „ , family. 

27.1. The series Ta, oo,oo- We start our list of examples with the series as- 
sociated with roo,oo,oo, where Too.oo.oo denotes the germ / = xyz. This germ was 
already clarified (either as an arrangement or by the algorithm of |§ 26D ; next we 
will consider the series Ta.oa,aD with one-parameter a > 2 given by / = + xyz. 
For g we take the generic linear function. 

The case a = 2 can be rewritten as = x'^y^ and its graph Tc is given in 
((9A2l) fCASE 1). The case o = 3 is treated in (HESKSc), the general a > 3 in ijO)) . 
The Main Algorithm provides for the boundary of the Milnor fibre dF the graph 




27.2. The series Ta^2.,oo- Running the Main Algorithm (and calculus) for the 
graphs of l|9.4.2p (see also (|9.3.3p ). we get for dF the plumbing graph: 




Q 



We expect that dF for Ta.b.oo {f — x"" + y'^ + xyz) is given by the plumbing graph: 




e 



§28. / of type f{x'^y^,z). Suspensions. 

28.1. / of type f{xy,z). First, we sketch a geometric construction which 
provides dF and its monodromy, provided that f{x, y, z) = f(xy, z), where / is an 
isolated plane curve singularity in variables (m, z). 

We will use the following notations: F = {/ = 77} is the Milnor fiber and jl 
the Milnor number of /. Define / as zero if u is a component of /, otherwise / 
denotes the intersection multiplicity (/,u)o at the origin. Set IS. :— F f] {u = 0}; 
then clearly #A — I. 
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Next, consider the Morse singularity h : (C^,0) (C, 0), h{x,y) — xy. Then 
the Milnor fiber F oi f can be reproduced via the projection $ : (C"^, 0) (C^, 0) 
given by {x, y, z) ^ {h{x, y),z) = {u, z). Indeed, $ maps F onto F. The fibers of $ 
are as follows: above generic points of F we have the Milnor fiber Fh = x [0, 1] 
of h, while over the special points P S A we have the contractible central fiber 
D\/ D ofh. 

Hence, dF decomposes into two parts, one of them is {S^ U S^) x F, while 
the other is ^~^{dF), which is a locally trivial fiber bundle over dF with fiber 
Fh = X [0, 1]. The monodromy of this bundle is given by the variation map 
of $, hence it is the composition of I Dehn twists (corresponding to the variation 
maps around the Morse points Pi). Therefore, if we define the 'double of P' as 
dF := F Ugp (— F), then dF is an S'^-bundle over dF: two trivial copies of x F 
are glued along (f>'^{dF) so that the Euler number of the resulting S'^-bundle is /. 

Notice that the genus of dF is exactly /i, hence: 

dF is given by the plumbing graph • 

In particular, any S'^-bundle with arbitrary genus and non-negative Euler num- 
ber can be realized as dF (and any such bundle might have many realizations by 
rather different singularities). 

Example 28.1.1. If / + xyz as in IjTll^ . then F ^ {z°- + uz ^ 77} 

(0 < 77 ^ 1) and A = {m = 0, z° = 77}. Then F, via the projection {u, z) z, is 
diffeomorphic with the annulus A :— {x : iji < \z\ < 772}, where 771 < ^ < 772, and 
by this identification its special points from A are U^^^-f* = i-^" = v}- Notice that 
dF is a torus. Moreover, the monodromy is the rotation of A, hence it is isotopic 
to the identity. In particular, we get (a fact compatible with l|27.ip ): 

a 

dF is the torus bundle • with trivial monodromy. 

[1] 

28.1.2. More generally, in the situation of (|28.ip . the monodromy on dF is 
induced by the monodromy of /, hence if Pgp (resp. Pj) denotes the characteristic 
polynomial of the algebraic monodromy acting on Hi(dF) (resp. Hi{F)), then 

(28.1.3) Papit) = {Pf{t)f ■ {t - 1)1— 

where sign{I) is 1 for / > and zero for / = 0. 

28.1.4. The above result can be appHed for / — xyz, f — z{z^ + xy), / = 
xy{z'^ +xy) and f ~ z°- + x'^y'^, cases which can be compared with l|22.9p (3e). (3c), 
(4b') or (4c'). Moreover, l|28.1.3p can also be compared with the formula (|19.2.7p 
valid for the characteristic polynomial. But, definitely, the interested reader might 
take an arbitrary germ / to test the result. It is interesting to note that even if 
/ has many Puiseux pairs (hence its embedded resolution graph has many rupture 
vertices), dF is still Seifert, in fact, it is an ^i-bundle. 

28.1.5. The above construction provides the structure of the Milnor fiber F as 
well: one may extract from it important information, such as the Euler character- 
istic, zeta-function of the monodromy, etc. 

28.2. / of type f{x°'y^, z). Assume now that a and b are two positive relative 
prime integers. Then, the discussion of (|28.ip can be modified as follows. Fix any 
isolated plane curve singularity f{u,z), and replace ft, by u = h{x,y) :— x°'y^ in 
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order to get / :— / o $. Then all the arguments of (|28.ip remain valid with the 
following modification. 

The difference is that in the case h — xy,^ restricted on dF is a trivial fibration 
above any small neighbourhood of any point of A. In the new situation of h = x'^y'' , 
above a small neighbourhood of a point P of A, ^{gp is not a fibration; in fact, 
in OF two special S'^-fibers appear above P. One of them has the same local 
neighbourhood (Seifert structure) as {x = 0} in = {\x\'^ + |yp = 1} with 5'^- 
fibers/orbits cut out by the family x'^y^ =constant; the other has local behaviour 
as {y = 0} in the same space. These two local Seifert neighbourhoods in are 
well-understood, they are guided by the continued fractions of a/5, respectively 
6/a. 

Therefore, we get the following result: 

Proposition 28.2.1. Let ,f{u,z) be an isolated plane curve singularity, and a 
and b two positive relative prime integers. Then dF associated with f = f{x°'y^, z) 
is a Seifert 3-manifold whose (minimal) star-shaped plumbing graph can be con- 
structed as follows: 

(i) The central vertex has genus p, (=the Milnor number of f) and Euler number 
I (where I is zero if u\f , otherwise I = {f,u)o). 

(a) Let a/b — [pQ,pi, . . . ,Ps], respectively b/a — [go, Qi, ■ ■ ■ , Qt] be the Hirzebruch 
continued fraction expansions of a/b and b/a with Po,qo > ^, Pi > 2 for i > 1 
and pj > 2 for j > 1 . Then the graph has 21 legs ( with all vertices having genus- 
decoration zero). I strings have length s, the vertices are decorated by Euler numbers 
Pi, . . . ,Ps such that the vertex decorated by Ps is glued to the central vertex; while 
the other I legs are strings decorated by Euler numbers qi, . . . ,qt, and the qt -vertex 
is glued to the central vertex. 

If b = I then the first set of I legs is empty, if a ~ 1 then the second set of I 
legs is empty. (If a — b = \ we recover f28.1]) . in which case the graph has no legs.) 

(Hi) The orbifold Euler number of the Seifert 3-manifold is > 0. 

(iv) The characteristic polynomial of monodromy action on Hi{dF) is 

Proof. We need to prove only (Hi). For this use the fact that for any a and 
b one has: 

[pi, . . . ,ps-i] _^ [gi, ■ ■ ■,qt-i] ^ _ J_ 
\pi,...,Ps] [qi,...,qt] ab' 

□ 

Example 28.2.2. If we take / = then / = z"+a;'^'^y''^ /7 = (n-l)(d-l) 

and I = n. In this way we recover the main result of |35j . 

See also l|12.5.12p for an expHcit example determined via Tc- 

The reader can also verify that the graphs Tc from (|9.3p produce compatible 

answers via the main algorithm. 

Remark 28.2.3. In l|28.2.ip . if the total number of legs is less than two and 
fj. = 0, then we get a lens space. In particular the graph (a posteriori) will have 
no central vertex. E.g., take = xy'^ . Then f = z"^ — u, hence 1 — 2 and p, = 0. 
Thus we have to glue to a vertex (with Euler number 2) two other vertices, both 
decorated by 2. Hence, OF is the lens space L(4, 1), which can also be represented 
by a unique vertex decorated by —4; cf. (|12.5.9p . 



CHAPTER XI 



Peculiar structures on dF. Open problems. 

§ 29. Contact structures. Triple product. Resonance varieties 

29.1. Contact structures. Recently, there is an intense activity in the theory 
of contact structures of 3-manifolds. A central place is occupied by links of normal 
surface singularities: by the classification of their (tight) contact structures and 
the classification of the corresponding Stein fillings. In the case of normal/isolated 
surface singularities, the analytic structure of the singularity induces a canonical 
contact structure on the link. Moreover, all the Milnor open books (i.e. open 
book decompositions associated with analytic map-germs) support (in the sense of 
Giroux, cf. [23]) exactly this contact structure (for details, see fllj). In fact, 
also proves that this canonical contact structure can be recovered from the topology 
of the link, and can be topologically identified among all the contact structures. 
If the singularity is smoothable, then all the Milnor fibers (smoothings) appear as 
natural Stein fillings of the canonical contact structure (together with the resolution 
of the singularity) . 

One may ask the vaHdity of similar properties in the present situation, i.e. 
about dF associated with a non-isolated singularity /. Although in this case the 
link is not smooth, hence from the point of view of theory of 3-manifolds it is 
not interesting, we can concentrate on the boundary of the Milnor fiber. We can 
ask about the classification of its (tight) contact structures. Moreover, the Milnor 
fiber, as a Stein manifold with boundary, induces a contact structure on dF. A 
crucial question is to characterize and identify this structure among all the contact 
structures. (Notice also that all the open book decompositions of dF cut out by 
germs g considered in this article (namely the pair (/, g) is an ICIS) support the 
very same contact structure induced by F (cf. |10)).) 

The point we wish to emphasize is that the new geometric situation (considering 
non-isolated / instead of isolated singularities) introduces a new set of 3-manifolds, 
a new set of contact structures together with a new set of Stein fillings realizable 
by singularity theory. Their classification is of major interest. 

We would like to stress that if a 3-manifold appears as dF for some non-isolated 
/ as in the present work, and also as a singularity Hnk (i.e. if it can be represented 
by a connected negative definite plumbing graph) , the contact structure induced by 
the Milnor fiber F (let us call it 'Milnor-fiber contact structure'), and the canonical 
contact structure (as singularity link) are, in general, non-isotopic. 

The simplest proof of this statement is by comparison of the Chern classes of 
the corresponding structures in Hi{dF,Z) = H^{dF,Z) (already noticed in |10|1. 
The Chern class of the Milnor-fiber contact structure is zero, since F is (stably) 
parameterizable. On the other hand, the Chern class of the canonical contact 
structure is the class of the canonical cycle in Hi{dF,'L). In particular, this class 
is zero if and only if the singularity /link is numerical Gorenstein (see e.g. [43j for 
the terminology). In particular, if dF can be realized by a negative definite graph 
which is not numerical Gorenstein, then the two contact structures are different. 
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This is happening in the case of all lens spaces which are not A„-singularity links, 
and also in l|22.10p . cases (e)-(f). 

29.2. Triple product. For any oriented 3-manifold Y, the cohomology ring 
H*{Y,'L) of Y carries rather subtle information. This can be reformulated in the 
triple product, induced by the cup product G K^H' given by /L(y(a,6, c) = 
(a U & U c, [Y]) for a,b,c€ H^{Y, Z) (and H' is the dual of H^(Y, T)). 

Sullivan in |70) proved that for any pair (H, [i) (where iJ is a finitely generated 
free abelian group, and \x S A^H'), there exists a 3-manifold Y with H^{Y) = H 
and fly = ^J'■ Moreover, for any singularity link, is trivial. In fact, by the proof 
of Sullivan, if Y can be represented by a plumbing graph with non-degenerate 
intersection form, then the cup-product H^{Y) (g) H^{Y) H^{Y) is trivial. 

In our situation, however, Y = OF might have non-trivial /Lty; see e.g. the 
example of x x realized by / = xyz. It would be very interesting to 
determine the triple product for all the 3-manifolds appearing as dF, and connect 
it with other singularity invariants. For partial results see (|19.2.10p and l|19.2.18p . 

29.3. Resonance varieties. The c?th resonance variety of a space X is the 
set TZd{X) of cohomology classes A £ H^{X,C) for which there is a subspace 
W C H^{X, C), of dimension d+1, such that XUW ^0. The resonance varieties 
of arrangements were introduced by Falk in [22j, and since then they play a central 
role in several parts of mathematics. Their relationship with characteristic varieties 
is crucial. 

Since the cup-product on H^{dF) might be non-trivial, and rather subtle, it 
would be again of major interest to determine the resonance varieties of dF and 
connect them with other singularity invariants. 

29.4. Relation with the homology of the Milnor fiber. From the coho- 
mology long exact sequence of the pair {F, dF), one gets a monomorphism 

H^{F,Z) ^ H\dF,Z), 

which is compatible with the monodromy action. In particular, we get an upper 
bound bi{F) < rank H^{dF) for the first Betti number bi{F) of F. In fact, the 
characteristic polynomial of the monodromy acting on H^{F) should divide the 
characteristic polynomial of H^{dF), which is expressed combinatorially in l|23.1.2p . 

This is important, since, in general, the behaviour of bi{F) can be rather in- 
volved, mysterious. Even in the case of arrangements, it is not known whether 
bi{F) can be deduced from the combinatorics of the arrangement or not; this is 
an open conjecture, see (|30.1.8p from the list of open problems |§ 30[ In this sit- 
uation, however, by our algorithm, OF is deduced from the combinatorics of the 
arrangement, hence we get a combinatorial upper bound for Hi{F) as well. 

In fact, one can determine an even better bound. Notice that a U 6 U c = for 
any a,b,c & H^{F). Therefore, H^{F) should sit in such a subspace of H^{dF) on 
which the restriction of the triple product vanishes. 

(For homogeneous singularities, |§ 24] combined with known facts regarding the 
mixed Hodge structure of H^{F) might produce even stronger restrictions. Recall 
that in the homogeneous case, H^{F)\^i is pure of weight 1, while H^{F)\=i is 
pure of weight 2.) 

29.4.1. The Milnor fiber might help in the classification of the possible bound- 
aries as well. E.g.: 

Proposition 29.4.2. Let f : (C^,0) (C,0) be a hypersurface singularity with 
Milnor fiber F. 



§30. OPEN PROBLEMS. 
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(a) If F is a rational ball (i.e. the rational homology of F and of a point 
coincide) then f is smooth. 

(h) If the boundary dF of the Milnor fiber is then f is smooth. 

Proof, (a) follows from A'Campo's theorem p]. Part (b) follows from (a) 
and a theorem of Eliashberg, which says that the only Stein filling of is the ball 

m- □ 

The result can be compared with the famous conjecture of Le and Oka, which 
claims that if the link of / is homeomorphic to , then Vf is an equisingular family 
of irreducible plane curves. 

§ 30. Open Problems. 

30.1. We start with some general questions/open problems, or natural tasks 
for further study: 



30.1.1. Determine/characterize all oriented plumbed 3-manifolds which might 
appear as dF for some non-isolated hypersurface singularity /. (Recall that the 
classification of all normal surface singularity links which might appear as hyper- 
surface singularity, or complete intersection, or Gorenstein singularity links is also 
open.) 

30.1.2. Classify all lens spaces realized as dF. Classify all Seifert manifolds 
realized as dF. 

30.1.3. Find a dF (with / a non-isolated singularity) which is an integral 
homology sphere (cf. also with Question 3.21 of [60]). 

30.1.4. Determine the Jordan block-structure of the algebraic monodromy act- 
ing on Hi{dF). 

30.1.5. Develop the mixed Hodge structure of II^{dF). Prove Conjecture 
(|21.1.ip from |§ 21[ (For the case of homogeneous germs and cylinders, see |§ 24| 
and lUEl.) 

30.1.6. Determine the graph G° for which c{G°) is minimal among all c{G™), 
G™ ^ G. Has G° any intrinsic significance? Has c(G°) any intrinsic significance? 
(Is e.g. c(G°) independent oi g ? When is this minimum realized by G ?) 

30.1.7. Determine completely the wedge product of H*{dF). Determine the 
triple product and the resonance varieties, cf. |§ 29[ 

30.1.8. Can II^{F) be determined from dF (at least in particular cases, say, 
for arrangements)? Or, from G of Fc used here? Understand the monomorphism 
from l|29.4p better. (Recall, that it is a famous conjecture for arrangements that 
bi{F) is determined combinatorially.) 

30.1.9. In the case of arrangements, can the combinatorics of the arrangement 
be recovered from dF7 (We conjecture that yes.) 

30.1.10. Classify /characterize all the 'Milnor-fiber contact structures' induced 
on 3-manifolds reahzed as dF, cf. I|29.ip . Are there natural families when one can 
classify all the Stein fillings of the Milnor-fiber (or all the) contact structures ? 
Find examples when the Milnor-fiber contact structure (besides the Milnor fiber) 
has other Stein filling as well. 
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30.1.11. Compute the Seiberg-Witten invariants, or more generally, the Heegaard- 
Floer homologies (or generalized versions of the lattice homologies) for those 3- 
manifolds dF which are rational homology spheres. How are they related with the 
signature of Fl 

30.1.12. Clarify the open question (|13.7.ip (i.e. determine the resolution of the 
real analytic variety {{u,v,w) £ (C'^,0) : u"^v"^ w" — 

30.1.13. Establish the relationship between the present work (which determines 
the boundary dF) and |48j . which determines the links i^(/, g)k of the lomdin series 
f + {k-> 0). In what sense is dF the 'limit' of {K{f,g)k}k ? 

30.1.14. We believe/conjecture that there exists some kind of a rigidity property 
restricting the pairs (9iF, 92 F) (cf. (|4.3p ) which might together form a possible 
dF. (I.e., the normalization has some effect on the possible types of transversal 
singularities, and vice-versa.) Understand the precise meaning of the conjecture, 
formulate it concretely, and prove it. 

30.1.15. Determine dF for any quasi-ordinary singularity / in terms of the 
characteristic pairs of /. 

More questions related mostly to the technicalities used in the proofs and re- 
sults: 

30.1.16. Develop the 'calculus' of decorated graphs such as Fc, cf. I|7.2.2p . 

30.1.17. Analyze the possible relations connecting the decorations of Tq. (E.g., 
provide an independent proof of the fact that the expressions (|16.2.10p (c) are inde- 
pendent oi g.) 

30.1.18. Find closed formulae for corank{A) and corank{A,I). In what situa- 
tions can we expect the validity of the relation corank{A, /)g = c{G) + ^A{G) (or 
similar formula for G° instead of G) ? 

30.1.19. Is it true that ^iM^^^^r = c(G) ? Or for G° instead of G ? 

30.1.20. Is the technical lemma (|2Q.1.10p true in general ? 



30.1.21. Discuss the case of all eigenvalues of the vertical monodromy M$^.„, 



Bibliography 



[1] A'Campo, N.: La fonction zeta d'une monodromie, Comment. Math. Helv. 50 (1975), 233- 
248. 

[2] A'Campo, X.: Le nombre de Lefschetz d'une monodromie, Indag. Math. 35 (1973), 113-118. 
[3] Artal-Bartolo, E.: Forme de Seifert des singularites de surface, C. R. Acad. Sci. Paris t. 

313, Serie I (1991), 689-692. 
[4] Ban, C, McEwan, L.J. and Nemethi, A.: The embedded resolution of f{x, y) + z'^ : (C^, 0) 

(C, 0), Studia Sc. Math. Hungarica 38 (2001), 51-71. 
[5] Barth, W., Peters, C. and Van de Ven, A.: Compact complex surfaces, Ergebnisse der Mathe- 

matik und ihrer Grenzgebiete, 3. Folge, Band 4, A Series of Modern Surveys in Mathematics, 

Springer- Verlag 1984. 

[6] Blank, S. and Laudenbach, F.: Isotopie des formes fermees en dimension 3, Inv. Math. 54 
(1979), 103-177. 

[7] de Bobadilla, J.F., Luengo, I., Melle-Hernandez, A. and Xcmethi, A.: Classification of ratio- 
nal unicuspidal projective curves whose singularities have one Puiseux pair. Proceedings of 
Sao Carlos Workshop 2004 Real and Complex Singularities, Series Trends in Mathematics, 
Birkhauser 2007, 31-46. 

[8] de Bobadilla, J. P., Luengo, L, Melle-Herneindez, A. and Nemethi, A.: On rational cuspidal 

projective plane curves, Proc. London Math. Sac. (3) 92 (2006), 99-138. 
[9] Bochnak, J., Coste, M., Roy, M-F.: Real algebraic geometry. Ergebnisse der Mathematik und 
ihrer Grenzgebiete (3), 36; Springer- Verlag, Berlin, 1998. 

[10] Caubel, C: Contact structures and non-isolated singularities. Singularity theory. World Sci. 
Publ., Hackensack, NJ, 2007, 475-485. 

[11] Caubel, C, Nemethi, A. and Popescu-Pampu, P.: Milnor open books and Milnor fillable 
contact 3-manifolds, Topology 45(3) (2006), 673-689. 

[12[ Brieskorn, E.: Die Monodromie der isolierten Singularitaten von Hyperfiachen, Manuscripta 
Math. 2 (1970), 103-161. 

[13[ Clemens, H.: Picard-Lefschetz theorem for families of non-singular algebraic varieties ac- 
quiring ordinary singularities. Trans. Amer. Math. Soc. 136 (1969), 93-108. 

[14[ Cohen, D.C., Suciu, A.L: The boundary manifold of complex line arrangements. Geometry 
and Topology Monographs 13 (2008), 105-146. 

[15[ Cohen, D.C., Suciu, A.L: Boundary manifolds of projective hypersurfaces. Advances in Math- 
ematics 206(2) (2006), 538-566. 

[16[ Deligne, P.: Theorie de Hodge, II and III, Publ. Math. IHES 40 (1971), 5-58 and 44 (1074), 
5-77. 

[17[ Durfee, A.H.: The signature of smoothings of complex surface singularities. Math. Ann. 232, 
no. 1 (1978), 85-98. 

[18[ Eisenbud, D. and Neumann, W.: Three-dimensional link theory and invariants of plane curve 

singularities, Annals of Math. Studies, 110, Princeton University Press, 1985. 
[19[ Eliashberg, Y.: Filling by holomorphic discs and its applications, London Math. Soc. Lecture 

Notes Series 151 (1991), 45-67. 
[20[ El Zein, F. and Xcmethi, A.: On the Weight Filtration of the Homology of Algebraic Varieties: 
The Generalized T.eray Cycles, Ann. Scuola Norm. Sup. Pisa, CI. Sci. (5) Vol. I (2002), 869- 
903. 

[21[ Durfee, A.H.: Mixed Hodge structures on punctured neighborhoods, Duke Math. J. 50 (1983), 
1017-1040. 

[22[ Falk, M.: Arrangements and cohomology, Ann. Combin. 1 (1997), 135-157. 

[23] Giroux, E.: Geometric de contact: de la dimension trois vers les dimensions superieures, 

Proceedings of the ICM, Vol II, (Beijing 2002), 405-414, Higher Ed. Press, Beijing 2002. 
[24] Ilironaka, E.: Boundary manifolds of line arrangements. Math. Ann. 319 (2001), 17-32. 
J25] Ilirzebruch, F.: Uber vierdimensionale Riemannsche Flachen mehrdeutiger analytischer Punc- 

tionen von zwei complexen Veranderlichen, Math. Ann. 126 (1953), 1-22. 



127 



128 BIBLIOGRAPHY 

[26] Kashiwara, H.: Fonctions rationelles de type (0, 1) sur le plan projectif complexe, Osaka J. 

of Math. 24 (1987), 521-577. 
[27] Kulikov, V.S.: Mixed Hodge Structures and Singularities, Cambridge Tracts in Mathematics 

132, Cambridge University Press 1998. 
[28[ Laufer, H.B.: Normal two-dimensional singularities, Annals of Math. Studies 71, Princeton 

University Press 1971. 

[29[ Laufer, H.B.: On /i for surface singularities, Proc. of Symp. in Pure Malh. 30 (1977), 45-49. 
[30] Landman, A.: On Picard-Lefschetz transformation for algebraic manifolds acquiring general 

singularities. Trans. Amer. Math. Malh. 181 (197,3), 89-126. 
[31] Looijenga, E. J. N.: Isolated Singular Points on Complete Intersections, London Math. Soc. 

Lecture Note Series 77, Cambridge University Press 1984. 
J32] Looijenga, E., Wahl, J.: Quadratic functions and smoothing surface singularities. Topology 

25(3) (1986), 261-291. 

J33] Michel, F., Pichon, A.: On the boundary of the Milnor fibre of nonisolated singularities. Int. 
Math. Res. Not. 43 (2003), 230.5-2311. 

J34] Michel, F., Pichon, A.: Erratum: "On the boundary of the Milnor fibre of nonisolated sin- 
gularities" ]Int. Math. Res. Not. 2003, no. 43. 2305-2311;], Int. Math. Res. Not. 6 (2004), 
309-310. 

]35] Michel, F., Pichon, A., Weber, C: The boundary of the Milnor fiber of Hirzebruch surface 

singularities, Singularity theory, World Sci. Publ., 2007, 745-760. 
]36] L6 Dung Tr&ng: Calcul du nombre de cycles fevanouissants d'une hypersurface complexe, 

Ann. Inst. Fourier (Grenoble) 23(4) (1973), 261-270. 
]37] Le Dung Trang: Ensembles analytiques complexes avec lieu singulier de dimension un (d'aprcs 

L N. lomdine). Seminar on Singularities (Paris, 1976/1977), pp. 87-95, Publ. Math. Univ. 

Paris VII, 7, Univ. Paris VII, Paris, 1980. 
J38] Milnor, J.: Singular points of complex hypersurfaces, Annals of Math. Studies, 61, Princeton 

University Press, 1968. 

J39] Mumford, D.: The topology of normal surface singularities of an algebraic surface and a 

criterion of simplicity, IHES Publ. Math. 9 (1961), 5-22. 
J40] Namba, M.: Geometry of projective algebraic curves, Monographs and Textbooks in Pure and 

Applied Math. 88, Marcel Dekker, New York 1984. 
J41] Nemethi, A.: The Milnor fiber and the zeta function of the singularities of type P{f,g), 

Compositio Math. 79 (1991). 63-97. 
J42] Nemethi, A.: The signature of /(./;. i/) + 2", Proceedings of Real and Complex Singularities, 

Liverpool (England), August 1996; London Math. Soc. Lecture Note Series 263 (1999), 131- 

149. 

J43] Nemethi, A.: Five lectures on normal surface singularities; lectures delivered at the Summer 
School in "Low dimensional topology", Budapest, Hungary 1998; Proceedings of the Summer 
School, Bolyai Society Mathematical Studies 8 (1999); Low Dimensional Topology, 269-351. 

]44] Nfemethi, A.: Resolution graphs of some surface singularities, I. (cyclic coverings). Contem- 
porary Math. 266 (2000), 89-128. 

]45] Nfemethi, A.: Invariants f normal surface singularities, Centemp. Math. 354 (2004), 161-208. 

J46] Nemethi, A.: Lattice cohomology of normal surface singularities. Publ. Res. Inst. Math. Sci. 
44 (2) (2008), 507-543. 

J47] Nemethi, A. and Popescu-Pampu, P.: On the Milnor fibers of cyclic quotient singularities, 
arXiv:MATH/0805.3449 

J48] Nemethi, A. and Szilard, A.: Resolution graphs of some surface singularities, II. (Generalized 
lomdin series). Contemporary Math. 266 (2000), 129-164. 

J49] Neumann, D.W.: A calculus for plumbing applied to the topology of complex surface sin- 
gularities and degenerating complex curves. Trans, of Amer. Math. Soc. 268 (2) (1981), 
299-344. 

]50] I. Ono and K. Watanabe, On the singularity of + y'' + x'"' = 0, Sci. Rep. Tokyo Kyoika 

Daigaku Sect. A. 12 (1974), 123-128. 
]51] Orevkov, S. Yu.: On rational cuspidal curves, I. Sharp estimate for degree via multiplicity. 

Math. Ann. 324 (2002), 657-673. 
]52] Orlik, P., Wagreich, Ph.: Isolated singularities of algebraic surfaces with C* action, Ann. of 

Math., 93(2) (1971), 205-228. 
]53] Pichon, A.: Three-dimensional manifolds which are the boundary of a normal singularity 

z'^ - fix,y). Math. Z. 231(4) (1999), 625-654. 
]54] Pichon, A.: Varifetfes de Waldhausen et fibrations sur le cercle, C. R. Acad. Sci. Paris Ser. I 

Math. 324(6) (1997), 6.5.5-658. 
]55] Pichon, A.: Singularities of complex surfaces with equations 2* — f{x,y) = 0, Internat. Math. 

Res. Notices 5 (1997), 241-246. 



BIBLIOGRAPHY 



129 



[56] Pichon, A., Seade, J.: Fibred multilinks and singularities fg. Math. Ann. 342(3) (2008), 
487-514. 

[57] Pichon, A.; Seade, J.: Real singularities and open-book decompositions of the 3-sphere, Ann. 

Fac. Sci. Toulouse Math. (6), 12(2) (2003), 245-265. 
[58[ Seade, J. A.: A cobordism invariant for surface singularities. Singularities, Part 2 (Areata, 

Calif., 1981), Proc. Sympos. Pure Math. 40, 479-484; Amer. Math. See, Providence, R.I., 

1983. 

[59] Seade, J. A.: On the topology of isolated singularities in analytic spaces. Progress in Mathe- 
matics, 241, Birkhauser Verlag, Basel, 2006. 

[60] Siersma, D.: The vanishing topology of non isolated singularities. New developments in 
singularity theory (Cambridge, 2000), 447-472, Kluwer Acad. Publ., Dordrecht, 2001. 

J61] Siersma, D.: Variation mappings of singularities with 1-dimensional critical locus. Topology 
30 (1991), 445-469. 

J62] Siersma, D.: The monodromy of series of hypersurface singularities, Comment. Math. Helv. 
65 (1990), 181-197. 

J63] Steenbrink, J.II.M.: The spectrum of hypersurface singularities, Actes du Collogue de Theorie 

de Hodge (Luminy, 1987), Asterisque 179-180 (1989), 163-184. 
164] Steenbrink, J.: Limits of Hodge Structures, Inv. Math. 31 (1976), 229-257. 
165] Steenbrink, J.H.M.: Mixed Hodge structures of the vanishing cohomology, Nordic Summer 

School/NAVF, Symp. in Math. Oslo, August 5-25, 1976, 525-563. 
166] Steenbrink, J.H.M.: Mixed Hodge structures associated with isolated singularities, Proc. of 

Symp. in Pure Math. 40 (1983), Part 2, 513-536. 
167] Steenbrink, J.H.M. and Stevens, J.: Topological invariance of the weight filtration, Indaga- 

tiones Math. 46 (1984). 

168] Stipsicz, A., Szabo, Z., Wahl, J.: Rational blowdowns and smoothings of surface singularities, 

J. Topol. 1(2) (2008), 477-517. 
169] Sebastiani, M., Thom, R.: Un resultat sur la monodromie. Invent. Math. 13 (1971), 90-96. 
170] Sullivan, D.: On the intersection ring of compact three manifolds. Topology 14 (1975), 275- 

277. 

171] Teissier, B.: The hunting of invariants in the geometry of discriminants, Real and complex 

singularities (Proc. Ninth Nordic Summer School/NAVF Sympos. Math., Oslo, 1976), pp. 

565-678. Sijthoff and Noordhoff, Alphen aan den Rijn, 1977. 
172] Wagreich, Ph.: The structure of quasihomogeneous singularities, Proc. of Symp. in Pure 

Math. 40(2) (1983), 593-611. 
173] Wahl, J.: Smoothings of normal surface singularities. Topology 20(3) (1981), 219-246. 
174] Waldhausen, F.: On irreducible 3-manifolds that are sufficiently large, Ann. of Math. 87 

(1968), 56-88. 



